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ABSTRACT

Quantum neural networks hold promise for achieving lower generalization error bounds and enhanced computational efficiency in
processing certain datasets. The integration of quantum superposition in data parallelism—a key aspect in the applications of
classical neural network, however, has been largely unexplored in the context of quantum neural networks. Here, we demonstrate
the effective application of quantum parallelism, via quantum superposition and entanglement, to achieve data parallelism in
generic quantum neural network models. We address two classes of encoding schemes for the training data: as orthogonal and
non-orthogonal quantum states, respectively. With orthogonal encoding, we rigorously prove that parallel and individual training are
equivalent in terms of the loss function, a result directly derived from quantum entanglement; with non-orthogonal encoding, we
show that parallel computing remains viable and quantum interference among data becomes notable. We perform a comparative
numerical analysis in these different scenarios, exploring various quantum neural networks with or without superposed data input,
highlighting the validity of quantum data parallelism.

Warm-up Example
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Figure 1. Solving the XOR problem via minimal quantum circuits with two encoding schemes: (a) XOR truth table. (b) Quantum
circuit used in the orthogonal encoding case. (c) Evolution of the training loss, showing that in the orthogonal case, the individual
training loss and parallel training loss are equal, LY = LY (see Theorem 1). (d) Representation of four data points by the four
vertices of a regular tetrahedron on the Bloch sphere for non-orthogonal encoding. () Quantum circuit schematic for
non-orthogonal encoding, where Rot = R ()R, (&2)R;(&3) is an arbitrary single-qubit rotation. (f) Evolution of the training loss
and testing loss, showing that in the non-orthogonal case, parallel computing remains viable.

To illustrate quantum data parallelism in QNNSs, we first consider a warm-up problem—the XOR problem. This binary function
takes two binary inputs and outputs true only when these inputs differ, as depicted in Figure 1(a). The XOR problem is historically
significant as it highlighted the limitations of early neural networks', leading to significant advancements in the field”. Its simple,
yet non-trivial nature, renders the XOR problem an ideal example for our purpose.

Orthogonal Encoding We utilize basis encoding {|xix})[y")}}_; = {|00) [0),[01) [1),]10) |1),|11) |0)} to represent the four
training data points, and consider a quantum circuit depicted in Figure 1(b). The measurement M = —Z;Z, = —diag(1,—1,—1,1)
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Figure 2. General quantum circuit framework and numerical simulations. (a) A general quantum circuit framework that
accommodates a variety of QNNs. Quantum data parallelism is explored using a superposition initial state ¥; v/vie' |x) |y'),
where each |x') |y') encodes a pair of data x’ and label y*. (b) Example of the quantum circuit architecture employed in the
simulations. (c) Decomposition of the N Gate. (d) Evolution of model accuracy in solving parity problems, with blue and orange
lines delineating quantum and classical models respectively. (e) Test accuracy progression in Iris classification, shown as solid
lines for averages and shaded areas for variability across five experiments. Blue and green lines represent non-parallel and parallel
QNN trainings, respectively.

yields results between —1 and 1. For Individual Input, the loss function is LY = } ¥’ (§'y'| M |§y'), where |§') is the final state
of the output qubit. For Batch Input, we employ an equal-weight superposition state %):? |x’lx’2> | yi> as the input. The goal of
the training is to minimize L = (y|1.M|y), where |y) = § ¥ |xi x4 ) |9') [y*). Unlike the individual input case, |y) is a highly
entangled state. We simulated this using PennyLane® with results in Figure 1(c), showing losses LY and LY overlapping and
converging to —1. This observation indicates that LIO = Lg, which we will prove later. Furthermore, even when trained with a
superposition state, the trained circuit retains the capability to accurately classify individual data |x}x}) | yi>?:1

Non-orthogonal Encoding We use a quantum circuit (see Figure 1(e)) similar to the one in the orthogonal case, while retaining
the M = —Z;Z, measurement. When using the basis encoding, the four data points are orthogonal and equidistant. For Individual
Input, we preserve this property by encoding the four data points as the vertices of a regular tetrahedron within the Bloch sphere
{|xi >}f (see Figure 1(d)). The loss function here is LY¥O = % Y 3y | M | #'y'), where [§) is the final state of output qubits. For Batch
Input, we construct a superposed state [(|x') + |[x*)) [00) + (|x?) + [x*)) |01)] /N, where N? = 4+ 2Re((x'[x*)) 4+ 2Re((x*|x*))
is the normalization factor. Note that, while the position of each state on the Bloch sphere is predetermined, the relative phase
between these states is variable and have a direct impact on the loss function. The training loss here is L " = (y/| 1.M |y/),
where |y} is the state after passing through the circuit. We further define the test loss Lg“’ = %Z? <)?iyi | M | Pyt > with individual
data points {|x) |y") }. Using PennyLane? for simulation, results indicates faster convergence to the expected minimum in L
compared with LY O indicating an equally accurate but more efficient training with the superposition input (see Figure 1(f)).

Data Parallelism with Generic QNNs

We introduce a generic quantum circuit framework, shown in Figure 2(a), to explore quantum data parallelism. A wide variety of
QNNs*!! including those implemented with repeat-until-success (RUS) circuits while preserving unitarity*=°, can be accommo-
dated within this framework. Moreover, direct measurement of input data qubits’~" can always be recast into measurement of extra
output qubits controlled pairwise by the input data qubits with CNOT gates, thus making our framework more inclusive.

A straightforward advantage of employing a superposition state as the input in our framework is that the state of the output
qubits can be computed in parallel for all the training data points encoded in the superposition. We emphasize, however, that
this apparent advantage is only fulfilled when the measurement of the final states satisfies two criteria: first, it efficiently yields
an average over the superposed training data; second, it effectively implements a workable loss function. The first criterion
is obviously satisfied by the measurement of M = f% Y Z,,Zy; as it directly measures each combination of {Z,,} and {Z, }
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eigenvalues with probability given by the sum over corresponding data points. It is worth noting that the minimum (M) for the
batch input implies the maximum possible entanglement between the output and the label qubits. In this sense, to find parameters
wy and w; that optimize the loss function Lg can be regarded as finding a map from x' € C" to o' € {0, 1}™ that maximizes (up to a
basis transformation) the entanglement between the output qubits {o;} and the label qubits {y;}. For the second criterion, we
demonstrate its validity by proving the following theorem that connects the loss functions for the individual input and the batch
input with orthogonal encoding, as well as by explicit numerical simulations of real-world problems with both orthogonal and
non-orthogonal encoding.

Theorem 1 (Data parallelism by quantum superposition). If the input data are encoded into a set of orthonormal quantum states
{‘xi> lT: | (e <xi’xj > = 8;j), and the loss function for each individual pair of data and label (x',y') can be obtained in the
above-defined quantum neural network by a joint measurement on the output qubits and the label qubits through a linear operator
M (ie. I := Tr(p{/M ) with py the reduced density matrix for the subsystem Y composed of the output qubits and the label qubits),
then the overall loss function defined as a weighted average Lj := ):lT (V1Y) with ):lT v =1 and v\ > 0 can be obtained exactly by
the joint measurement of M with respect to a single superposition input state ):l-T Vvielt ‘xi > ’yi >, such that Lg := Tr(pyM) = L;.

Proof. For the superposition input state Y7 v/vie' |x') |'), the density matrix for the final state of the QNN is given by

PP = (Z Vet x”'wixoy">> (Z Vvie (1 wf(oy’D = ¥ Vel iyl oy (o (1)
i j ij
Utilizing the orthonormal condition <x’ i |x’ J > = <xi |xj > d;j, we obtain
pay = Trx(p5) = Z vivie 1) (37|37 ><1I’A0y ‘ = ZV [WaoY X Whoy'| = ZV Phy- @)
ij
It immediately follows that
Lg :=Tr(pyM) = Tr[(Tra piy )M Zv Tr[(Tra ply )M Zv Tr(pyM) = L;. 3)
O

With non-orthogonal encoding, by contrast, Eq. 2 is invalidated, leading to a situation where Lp is no longer equivalent to
L;. This can be seen as the interference between distinct data points, represented by nonvanishing <x J ’x > for j # i, becomes
manifested in the loss function for batch input. Particularly, if the measurement M is diagonal with respect to the labels ] y > the
interference effectively occurs only between data points associated with the same label. Such an interference effect, while making
the interpretation of the loss function Lp less transparent in general, may hold a potential advantage over the orthogonal encoding
scheme when properly exploited. This remains an intriguing direction for our future investigations.

Numerical Simulations

To assess the proposed QNN framework and its capability to achieve data parallelism, we conducted numerical simulations on
three distinct problems: the parity problem, the Iris dataset, and the MNIST dataset. The parity problem serves as a test for
examining the QNN'’s performance in the orthogonal case, while the Iris dataset is used to assess the QNN’s parallelism in the
non-orthogonal case. Finally, the MNIST dataset provides a comprehensive platform for comparing the QNN’s performance across
four different settings: orthogonal versus non-orthogonal encoding and individual versus batch input. As benchmarks, we trained
classical feedforward neural networks (FNNs) on each of these problems. The QNN configuration employed is shown in Figure
2(b). Results for the parity and Iris datasets can be found in Figure 2(d) and (e). In the classification of digits 3 and 6 from the
MNIST dataset, the QNN with orthogonal encoding achieved an accuracy of 91.5%. Meanwhile, with non-orthogonal encoding, it
reached an accuracy of 97.8% for both individual and batch inputs. Due to space constraints, additional details on the simulation
settings and MNIST results have been omitted.

Discussion

Demonstrated by both analytical and numerical means, we have established that quantum-superposition-based data parallelism in
QNN is not only feasible but also remarkably effective, irrespective of the orthogonality of input quantum states. Here, we remark
on several fundamental and interconnected open questions, such as preparing the input superposition states and determining the
optimal number of qubits necessary to represent a dataset for a specific type of task. In summary, our work serves as a pioneering,
proof-of-principle study of data parallelism in QNNs. This study paves the way for a new paradigm for parallel data processing in
quantum machine learning.
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