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Background and motivation: In quantum computing, one key area is to investigate if quantum comput-
ers could accelerate classical machine learning tasks in data analysis and artificial intelligence, giving rise
to an interdisciplinary field known as quantum machine learning [1]. As the quantum analogs of classical
neural networks, parameterized quantum circuits (PQCs) [2] have gained significant attention as a promi-
nent paradigm to yield quantum advantages. PQCs offer a concrete and practical way to implement quantum
machine learning algorithms in noisy and intermediate-scale quantum (NISQ) devices [3], rendering them
well-suited for a diverse array of tasks [4—11].

To establish the practical significance of quantum machine learning, an ongoing pursuit is to demonstrate
their superiority in solving real-world learning problems compared to classical learning models, including the
most commonly used deep neural networks [12]. Typical supervised learning tasks, such as image classifica-
tion and price prediction, aim to construct a model to learn a mapping function from the input to output via
training data sets. Essentially, the goal is to approximate multivariate functions. This viewpoint leads to the
celebrated Universal Approximation Theorem [13, 14], which limits what neural networks can theoretically
learn. Recently, powerful tools from approximation theory have been utilized to establish a fruitful math-
ematical framework for understanding the “black magic” of deep learning by establishing non-asymptotic
approximation error bounds of deep neural networks in terms of the width, depth, number of weights (neu-
rons) and function complexities, see e.g. Refs. [15-25] and references therein.

Substantial investigations have showcased the power of quantum machine learning for specific learning
tasks [26-33]. A fundamental question is whether the expressivity of quantum machine learning models is
as powerful as, or is more powerful than, the expressivity of classical machine learning models. This can be
illustrated by proving universal approximation theorems for PQCs [34—41], indicating that there exist PQCs
with suitable parameter configurations to approximate target functions up to a given approximation accuracy.
This will justify the power of PQCs to solve supervised learning tasks in a mathematical way. To further
investigate whether PQCs are more expressive than the classical models or not, it is natural to examine the PQC
approximation performance by establishing approximation error bounds for important function classes. Such
quantitative error bounds are less known in the quantum setting, because the hypothesis functions generated
by PQCs are more complicated than those generated by classical neural networks.

The difficulties of analyzing the PQC approximation performances can be partially overcome by allowing
parameterized classical data processing. Namely, trainable parameters are allowed not only in the quantum
gates in PQCs but also in the classical data pre- and post-processing. This allows one to prove approximation
error bounds following classical strategies [39—41]. For instance, Goto et al. [39] proved PQC approximation
error rate for Lipschitz continuous functions in terms of the number of qubits and trainable parameters by
incorporating trainable parameters in the measurement post-processing phase; similar results can also be
obtained by utilizing Tensor-Train Network [41] or by linear transformations to preprocess the classical data.

However, utilizing parameterized classical data processing makes it hard to distinguish whether the ex-
pressive power of PQCs comes from the classical or quantum parts. In fact, parameterized classical data
processing enables one to directly convert the hypothesis functions generated by the quantum models into
hypothesis functions generated by classical ones and adapt expressivity results for classical machine learning
models to extract the expressivity of such quantum models. As a consequence, the resulting PQCs have very
simple structures and short depth. It remains unknown whether one can prove approximation error bounds for
PQCs without parameterized classical data processing. On the other hand, Zhao et al. [42] proved exponential
lower bounds on the number of trainable parameters (in terms of the number of variables) needed for approxi-
mating bounded Lipschitz continuous functions using PQCs without parameterized classical data processing,
illustrating that using PQCs to approximate Lipschitz functions still suffers from the curse of dimensionality
(CoD) met by classical deep neural networks [43]. However, this does not rule out the possibility that one can
achieve the same approximation rate with PQCs of smaller size compared to classical deep neural networks.

Our contributions: In this paper, we explicitly construct the first PQCs without parameterized classical data
processing for approximating multivariate polynomials and smooth functions; a glance at these constructed
PQCs is illustrated in Fig. 1. We also establish non-asymptotic PQC approximation error bounds, in the sense



that the PQC approximation performances are characterized in terms of the number of qubits (width), the
depth of PQCs, the number of trainable parameters/gates (parameter count), and the function complexities.
These results enable us to compare the approximation power of PQCs with that of classical neural networks.
Notably, we show that for multivariate polynomials and multivariate smooth functions, the quantum circuit
size and the number of trainable parameters of our proposed PQCs can be exponentially smaller than that of
the deep ReLU neural networks as shown in [21], one of the most commonly used neural network family in
classical deep learning theory. Thus, quantum machine learning models could potentially admit improvements
over classical machine learning models; see Table I for a detailed comparison.

In the rest, we briefly present our PQC constructions, non-asymptotic approximation error bounds and
comparisons with classical results; more details can be found in the technical version.
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FIG. 1. Overview of PQCs for approximating multivariate polynomials and smooth functions. (a) Flowchart of the
constructed PQC for multivariate polynomials. (b) Flowchart of the constructed PQC for smooth functions.

PQCs for multivariate polynomials. We start with constructing PQCs for implementing multivariate poly-
nomials, which is at the core of multivariate function approximation theory. For univariate polynomials, Yu
et al. [37] utilized ideas from quantum signal processing [44—46] to construct their block-encodings using
single-qubit data re-uploading PQCs. Executing these PQCs in parallel leads to block-encodings of multi-
variable product polynomials (i.e. products of univariate polynomials). Since every multivariate polynomial
can be written as a sum of product polynomials, we sum the block-encodings of each product polynomial
using linear combinations of unitaries (LCU) [47]. This simple but novel strategy gives the following PQC
implementations of multivariate polynomials.

Theorem 1. For any multivariate polynomial p(x) with d variables and degree s such that |p(x)| < 1, there
exists a PQC Wy(z, @) and a parameter configuration 8* such that

0| Wi(z,0%)ZOW,(z,0%)|0) = p(z) (1)

holds for every @, where Z©) is the Pauli Z observable on the first qubit. The PQC Wy(z, 0) acts on
O(d + log s + slogd) qubits, the circuit depth is O(s*d*(logs + slogd)), and the number of trainable
parameters is 0 is O(sd*(s + d)).

In the proof, we explicitly construct the PQC W,,(x, 8*) and prove the existence of the optimal parameter
configuration 8* to achieve Eq. (1). Finding the optimal 8* might be a challenging task, but it is beyond the
scope of this paper.

PQC approximation error bounds for smooth functions. We utilize the aforementioned PQCs for multi-
variate polynomials as building blocks to explicitly construct PQCs for approximating multivariate smooth
functions and derive the corresponding approximation error bounds. We consider bounded smooth functions
with d variables on [0, 1]¢ with smooth index s, i.e. all k-th order partial derivatives of such functions exist
and are continuous on [0, 1]d for all K = 0,...,s and these partial derivatives are uniformly bounded by 1.
We denote the space of such functions by C%([0, 1]¢) (the unit ball of C*([0, 1]¢)). Lu et al. [21] proved near-
optimal non-asymptotic approximation error bounds for functions in C}([0, 1]%) using feed-forward neural
networks with rectified linear unit activation functions (ReLU FNN), which is one of the most commonly
used neural network structure in classical deep learning theory.



TABLE 1. Approximation errors of PQCs and ReLU FNNs

Approach Target Width Depth Number of parameters Approximation error
PQC d-var. s-deg. monomial O(d) O(s) O(d+ s) 0

ReLUENN [21]  d-var. s-deg. monomial O(N + s) O(s2M)  O((N? + s2)s2M) O(sN—sM)

Nested PQC cs([0,1]%) O(dlog K + slogd) O(K?%d®) O(K?dst!) O(d?*K—*)

ReLU FNN! [21] C%([0,1]%) O(s?+1N) O(s>M)  O(s?¢+4K/2N) O(s98° K %)

i Satisfying NM = ©(K9/2).
We utilize the Taylor expansion to approximate functions f € C%([0,1]¢) [18]. For any x, z € [0, 1],
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As we can see, the Taylor expansion only converges to f in small local regions. To achieve a satisfactory
approximation performance, The classical method is to discretize [0, 1]¢ into K local regions and implement
the Taylor expansion in each region. We construct a PQC to implement such a strategy and combine Eq. (2)
to derive the PQC approximation error bound for smooth functions.

Theorem 2. Let f € C([0,1]9). For any K € N, there exists a PQC W (x, ) and a parameter configura-
tion 0% such that

K

for almost all x € [0,1]%. The PQC Wy (x,0) acts on O(dlog K + slogd) qubits, the circuit depth is
O(Kd®), and the number of parameters is O(K3d**1).
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In the proof, we explicitly construct the PQC Wi (x, 6*) and prove the existence of the optimal parameter
configuration 8* to achieve Eq. (3). The constructed PQCs for approximating smooth functions are in a
nested structure, consisting of a PQC for discretizing [0, 1]¢ into K¢ hypercubes and another PQC for the
Taylor expansions. The discretization introduces a trifling region (of small Lebesgue measure) where the
function value cannot be uniformly bounded. This also happens in classical neural network approximations
and can be overcome by more complicated analysis.

To the best of our knowledge, this is the first non-asymptotic PQC approximation error bounds for smooth
functions. Moreover, Such a PQC approximation error bound allows us to compare the necessary PQC size
and number of parameters for achieving the desired accuracy with that of classical neural networks.

Comparison with classical neural networks. The non-asymptotic approximation error bounds for multivariate
polynomials and smooth functions enable us to compare the size and the number of parameters required to
achieve the same approximation error by PQCs and ReLU FNNs, as summarized in Table 1.

Constructing ReLLU FNN for approximating multivariate monomials is one of the key contributions in [21],
while PQCs possess the unique capability to capture the dynamics of polynomials precisely. The approxima-
tion power of PQCs for multivariate polynomials comes from the exact representation of univariate polynomi-
als using single-qubit PQCs [37]. This feature enables PQCs to achieve better approximate rates for smooth
functions.

For multivariate smooth functions in C2 ([0, 1]%), to achieve the same approximation error £ (say some con-
stant), we need to set K = O(d?/+/€) for the constructed PQCs from Theorem 2 and set K¢ = ©(24/2//¢)
for the constructed near-optimal ReLU FNNs from [21]. Substituting the choices of K’s in the sizes of PQCs
and ReLU FNNs, we have

Width of PQC x Depth of PQC ( PPKE )_ ( g—a/4 )
Width of FNN x Depth of FNN ~ ~ \9d+3 K42 T \od?—dlogd /)

One can obtain a similar relation for the number of required parameters in PQCs and ReLU FNNs for ap-
proximating smooth functions and extend these results to any 2 < s < d. Therefore, to achieve the same
approximation error, the required quantum circuit size and number of parameters of PQCs is exponentially
smaller than the required network size and number of parameters of ReLU FNNs, indicating that the expres-
sivity of PQCs is exponentially more powerful than the expressivity of ReLU FNNs for approximating general
smooth functions.
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