Quantum algorithms for spectral sums

We present quantum algorithms to estimate four important quantities connected to a matrix: the log-
determinant, the von Neumann entropy of a graph, the trace of inverse, and the Schatten p-norm. All these
quantities are spectral sums of a matrix. The spectral sum of a positive semi-definite (PSD) matrix A, for a
function f : R — R, is defined as Sy(A) = >_; f(A;), where A; are the eigenvalues of A. This notion can be
generalized to non-square matrices using singular value decomposition. As a corollary of our work, we show how
to use our results and techniques for three problems in spectral graph theory: we discuss how to estimate the
number of triangles in a graph (with two algorithms that work in two different regimes), estimate the effective
resistance between nodes of an electric network, and count the spanning trees in a graph.

As in classical algorithms, we leverage the idea that the sum of the eigenvalues of a matrix is equal to its
trace. Thus, we perform trace estimation of a suitably created matrix which we obtain with quantum singular
value transformation techniques([1, 2, 3, 4, 5, 6]). Quantum algorithms for computing the trace are well-studied
in many models of quantum computation (see [7, 8]) and can be generalized to the gate-based model, and in
particular to the block-encoding model [9, 10], which we use. In this model, we have access to a unitary (and its
inverse) that encodes a scaled matrix A in the top-left corner. We rewrite and formalize — using the notation of
block-encodings — an algorithm that returns an estimate of the trace with absolute and relative error, for which
we offer a useful formal statement that can be used in other settings. The algorithms that work with relative error
use the algorithm that returns an estimate with absolute error, without knowing a lower bound of the quantity
being estimated (see [9, 10]). In our work, we also use subroutines to estimate the trace of AT A with relative
error [11]. To our knowledge, this idea was not previously used for similar problems. Its utility is twofold: on
one side it allows working with non-square matrices, and on the other side allows for a quadratic speedup in
the size of the matrix. The cost for using this subroutine is preparing a block-encoding for \/f(A). We show
how to use these ideas for the problem of counting triangles and Schatten p-norms. We add to the list of useful
quantum subroutines to manipulate block-encodings as an extension of [4, Lemma 16], which allows to take the
product of k preamplified block-encodings. When working with classical data, we can build block-encodings within
the quantum memory device model (i.e. using a QMD, a quantum memory device [12] — e.g. a QRAM [13]).
Lastly, our algorithms can work in a quantum arithmetic model, which is a convention that we use to specify
decimal numbers using fixed-precision. In this model, we point out that the algorithm for obtaining a relative
error estimate from a subroutine that returns an absolute error, can be slightly simplified [14]. In the conclusion
of the manuscript we discuss an ample list of possible future research directions.

In our work we discuss the relationship between the algorithms presented in this work and the one clean
qubit model of computation: a model where one is given only a single clean qubit and some of the qubits in the
maximally mixed state. This model — which was inspired by past experiments in MRI — is less powerful than
the general quantum circuit model, but is believed to be hard to simulate classically, and started to gain interest
again in the community [15, 16]. We also discuss our works in relation to recent research in limited-depth quantum
computation: a setting where we want to reap the benefits of quantum computing but we don’t have access to
computers that can run a circuit for the depth that is necessary to execute the full algorithm. In particular, all
our algorithm can go from using O(%) queries to the input with a circuit of the same depth, to an algorithm that

uses a circuit of depth O(Eu%ﬁ)) for O(e(l%m) times.

In the following, let x be the condition number of the matrix A, and « be a quantity upper bounded by the
Frobenius norm of the matrix (both are precisely defined in the manuscript). The notation 5() hides polylog-
arithmic factors from the asymptotic complexity. For all the following algorithms we show tight bounds on the
error of the block-encoding we receive as input for our algorithms. While in the manuscript we report all the
polylogarithmic factors in the runtime, our results can be summarised and simplified as follows.

Quantum algorithm for log-determinants It is hard to underestimate the importance of algorithms for
estimating the (logarithm of the) determinant of an PSD matrix A, which is defined as logdet(A4) = >""_, log A;.
Notable examples can be found in machine learning and other computational sciences [17, 18, 19, 20, 21]. Our result
reads as follows. While many classical and quantum algorithms exist, we improve (polynomially) the previous
quantum algorithm for the log-determinant [22, 23].



Theorem (Informal - Algorithm for estimating log-determinants). Let U4 be a a-block-encoding of an PSD matriz
A € R™™. There is a quantum algorithm that returns an estimate logdet(A) of the log-determinant with relative
error and high probability using O (%) queries to Ugy.

Two Quantum algorithms for Schatten p-norm Let A € R™*™ be a matrix with singular values {ai}?;irll(m’”).

The Schatten p-norm of A is ||A|, = (Ziinf(mn) of ) 1/p. There are many applications for the algorithms that
compute the Schatten p-norms, for example in completion algorithms, theoretical chemistry, image processing,
and many others [24, 25, 26, 27, 28, 29]. We propose two different algorithms for estimating the Schatten p-norm
of a matrix. Both use the subroutine for estimating the trace of BT B for a suitably contracted matrix B. For
the second, for big p, we use an efficient polynomial approximation of monomials in [—1,1] that allows to have
a quadratic improvement in V2", This is better formulated in the main manuscript. We also report the results
of experiments showing the asymptotic scaling of certain parameters on real-world datasets. Our results improve

polynomially over previous quantum algorithms [30].

Theorem (Informal - Algorithm for Schatten p-norms). Let U be a a-block-encoding of a matriz A € R™*™ with
n < m. There is a quantum algorithm that returns an estimate || A||, with relative error and high probability using

. - p/2 -~ n 1.5 /2 /2—1
U, 0 <pf<”¢j”,3> (”m)) imes if p is even, or O (fa <@pgwl>" (pm) times if p is odd.

Quantum algorithm for von Neumann entropy of graphs We show the runtime of an algorithm to estimate
the von Neumann entropy of a matrix without having access to a purification that allows the creation of a block-
encoding of the density matrix. This is especially relevant for matrices that are obtained graph Laplacian. For a
graph G = (V, E) a graph Laplacian £ is defined as £ = A(G) — A(G) We can associate to G a density matrix
pc = L/Tr[L]. Then, the von Neumann entropy of the graph G is defined as H(G) := H(pa) = —Tr[pc log pa].
In the following s(G) is the number of edges in the graph G, i.e. |E|. Von Neumann entropy is used in financial
data analysis, genomics, complex network analysis, and pattern recognition [31, 32, 33, 34, 35, 36]. There is a vast
literature of quantum algorithms for von Neumann entropies of density matrices p, but they work in a model where
you have access to a purification of the density matrix, which results in a 1-block encoding of p [14, 37, 38, 39, 40].

Theorem (Informal - Algorithm for estimating von Neumann entropy). Let Ug be a a-block-encoding of an PSD
matrix A € R™™. There is a quantum algorithm that returns an estimate H(A) with absolute error and high
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es(G > queries to Ug.

probability using 9] (
Quantum algorithm for trace of the inverse For a square matrix A, the trace of the inverse is I(A) =
Tr[A~Y] = Yoy )\i_l. The trace of the inverse finds application in lattice quantum chromodynamics, generalized
cross validation, and uncertainty quantification [41, 42, 43]. To our knowledge, there are only previous works for
the trace of the inverse for classical algorithms, while there are no previous quantum algorithms for the same
problem.

Theorem (Informal - Algorithm for trace of inverse). Let € > 0, and A be a matrix A € R™*™ with. There is a

quantum algorithm that returns an estimate 1(A) with relative error € using 9] (@) queries to Uy4.

Applications in spectral graph theory We discuss three applications of our algorithms to problems in
spectral graph theory. All the problems we discuss have important applications in many computational sciences.
First, we show how to use the techniques from the algorithm for computing the Schatten p-norms for counting the
number of triangles in a graph. We discuss two algorithms. The runtime of the first algorithm is O(%), and the
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analysis [44, 45], and importantly, generalize to the problem of finding k-cycles, another fundamental problem in
computer science. Second, we show how to give a relative error estimate of the number of spanning trees in a graph
@G, assuming block-encoding access to the graph Laplacian. Our quantum algorithm makes 6(7104/4;/ €) calls to the
block-encoding of the Laplacian matrix of A. There are many applications in machine learning [46], genomics,
and network theory [47, 48]. Third, we show how to use the algorithm for estimating the log-determinant for
computing the effective resistance between two nodes in a graph using the block-encoding of (a modified) graph
Laplacian £ for O(nak/e€) times. Applications include graph clustering, graph sparsification and analysis, graph
neural networks, and many others [49, 50, 51, 52, 53].

runtime of the second algorithm is O( ). Algorithms for counting triangles find many applications in network
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