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Introduction.— Quantum state tomography is a fundamental task in quantum information, aiming to construct
a classical description of an unknown quantum state based on experimental data. A crucial question regarding
quantum state tomography is the following: what is the minimum number of samples — copies of the unknown
state — required to construct a classical description of an estimator which is ε-close in trace distance to the true
state with high probability? While this question has been extensively addressed for qudit systems, this is an open
question for continuous variable (CV) systems [1–3], such as bosonic and quantum optical systems, characterised by
an infinite-dimensional Hilbert space. The literature regarding quantum state tomography of CV systems mainly
relies on phase-space approximations [4–7] which — crucially — do not provide any rigorous performance guarantees
with respect to the trace distance (which is the most meaningful notion of distance between quantum states [8, 9]).
This gap in the literature is particularly surprising given the pivotal role of quantum optical platforms — described
by CV systems — in quantum technologies such as quantum computation, communication, and metrology. Our
work fills this gap, by presenting an exhaustive analysis of quantum state tomography of CV systems
in terms of the trace distance. We analyse tomography of three classes of states:

• Energy-constrained states. We consider energy-constrained states since, without any constraints, a tomog-
raphy algorithm would inevitably require an unbounded number of resources. By assuming that the mean
photon number per mode of the unknown state is upper bounded by Ns, and by denoting ε as the precision in
trace distance and n as the number of modes, we establish that the sample complexity of any tomography al-
gorithm must scale at least as Ω̃

((
Ns
ε2

)n) (see the preliminaries in the technical manuscript for a quick review
of the asymptotic notation), which is an unfavourable scaling not only in n but also in ε. It is remarkable
that contrary to what happens for finite-dimensional states, the sample complexity of CV tomography
does not scale with O(ε−2), but with O(ε−2n). This establishes that, even if CV systems have to satisfy
stringent energy constraints, CV tomography is extremely inefficient, much more than tomography of qudit
systems. In addition, we devise a tomography algorithm for possibly mixed states with sample complexity
scaling as O

((
Ns
ε2

)2n) . Remarkably, restricting to the pure state case, we prove that Θ̃
((

Ns
ε2

)n)
samples are necessary and sufficient for pure state tomography.

• Gaussian states. We prove that tomography of (energy-constrained) Gaussian states is efficient, as there exists
a tomography algorithm whose sample and time complexity scales polynomially in the number of modes.
Notably, our result demonstrates that Gaussian states can be efficiently learned by estimating the
first moment and the covariance matrix, a result that has been previously assumed but never
rigorously proved in the literature. To conduct the complexity analysis, we investigate the following
fundamental question, which is of independent interest for the field of Gaussian quantum information: if
we approximate the first moment and covariance matrix of an unknown Gaussian state with
precision ε, what is the resulting trace distance error on the state? In our work, we answer this
question by finding upper and lower bounds on the trace distance between two Gaussian states in terms of
the norm distance between their first moments and their covariance matrices.

• t-doped Gaussian states. t-doped Gaussian states are n-mode pure states prepared by applying Gaussian
unitaries and at most t non-Gaussian κ-mode unitaries on the vacuum state. We prove that, if 2κt ≤ n, one can
turn any t-doped state into a tensor product between a 2κt-mode non-Gaussian state and the (n−2κt)-mode
vacuum state, via a suitable Gaussian unitary. By leveraging such a decomposition, we devise a tomography
algorithm which has a sample and time complexity that scales polynomially in n as long as κt = O(1),
thereby establishing that tomography of (energy-constrained) t-doped states is efficient in this
regime. This establishes the robustness of tomography of Gaussian states, in the sense that, even if few
non-Gaussian unitaries are applied to a Gaussian state, the resulting state remains efficiently learnable. Our
results on t-doped bosonic states are derived by extending to the bosonic setting some results on t-doped
fermionic states [10]. However, extending these results is far from trivial, since in the bosonic setting one
must deal with the subtleties arising from the energy constraints and from the infinite-dimensional Hilbert
space.

With these results, our work significantly advances also the field of Quantum Learning Theory [11]. In summary,
we find optimal sample complexity bounds for tomography of energy-constrained pure states: our Θ̃

((
Ns
ε2

)n) bound

contrasts the well-known sample-optimal bound Θ̃
(
2n

ε2

)
for n-qubit systems [12]. Moreover, we find two new classes of

efficiently learnable states: mixed Gaussian states and pure t-doped Gaussian states. Even in the finite-dimensional
case, only a few classes of states are currently recognised as efficiently learnable, such as quantum phase states [13],
matrix product states [14], states prepared by shallow quantum circuits [15], fermionic Gaussian states [16], and
states prepared by Clifford circuits [17]. Notably, even when the number of T-gates in a Clifford circuit is low, the
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resulting states, known as doped-stabilizer states, remain efficiently learnable [18–20]. Our work extends this latter
result to bosonic Gaussian states doped with a few non-Gaussian unitaries acting on a few modes. In doing so, we
unveil more on the structure of these slightly non-Gaussian systems, which is of independent interest. Moreover,
we show also how to efficiently learn general mixed bosonic Gaussian states (in contrast to the fermionic case [16],
where only the pure case was addressed). Other works focusing on quantum learning theory with CV systems
include [21, 22]. While our work focuses on learning states, the works [21, 22] focus on learning expectation values.

Tomography of energy-constrained states.— For a system of n qudits with local dimension d, the minimum
number of samples required to achieve quantum state tomography with precision ε in trace distance scales as
Θ̃
(
d2n

ε2

)
[23–25], which is exponential in the number of qudits. Prior to our work, understanding how this result

extends to CV systems was an open problem. Any CV system corresponds to n modes of electromagnetic radiation,
each of which is associated with an infinite dimensional Hilbert space. Basically, n modes correspond to n qudits
with local dimension d = ∞. Hence, if one does not have any extra prior information on the unknown CV state,
achieving quantum state tomography is impossible. However, since experimentalists often possess knowledge about
the energy budget available in their source devices, a pertinent additional prior information about the unknown
quantum state involves knowledge of a real number Ns, serving as an upper bound either on the mean photon
number per mode of the CV system or on higher moments. In the forthcoming Theorem 1 we analyse the sample
complexity of tomography of moment-constrained states, establishing a rather informative fact. Specifically, in
contrast to n-qudit systems, whose sample complexity’s ε-dependence remains independent of n and scales solely
as ε−2, the sample complexity of tomography of moment-constrained states must scale as ε−2n, highlighting the
extreme inefficiency of CV tomography.

Theorem 1 (Informal version). Let us consider an unknown n-mode state ρ satisfying the k-th moment constraint
(Tr[N̂k

nρ])
1/k ≤ nNs, where N̂n is the total photon number operator. The number of samples required to achieve

quantum state tomography with precision ε in trace distance has to scale at least as Ω̃
((

Ns

ε2/k

)n)
. Moreover, there

exists a tomography algorithm for possibly mixed states with sample complexity that scales as O
((

Ns

ε2/k

)2n
)

. Notably,

if we assume the unknown state to be pure, then Θ̃
((

Ns

ε2/k

)n)
samples are necessary and sufficient for tomography.

Proof ideas. The proof of the lower bound on the sample complexity involves ε-net techniques [12, 26–28]. For
the upper bound, we devise an explicit algorithm consisting of two main steps: first, performing a two-outcome
measurement to project onto a suitable finite dimensional space with a fixed maximum photon number, and, second,
applying known tomography algorithms for qudits.

We note that the CV classical shadow algorithm proposed in [21], primarily designed for estimating expec-
tation values, effectively offers an alternative tomography algorithm. However, its sample complexity scales as

O

((
n2N2

s

ε2/k

)2n
)

, which, being super-exponential in n, is much worse than the scaling O

((
Ns

ε2/k

)2n
)

of our algo-

rithm. Regarding the CV classical shadow algorithm proposed in [22], it provides guarantees in terms of the operator
norm rather than the trace distance, making it unsuitable for quantum state tomography.

Tomography of Gaussian states.— It is well established that: “In order to know a Gaussian state it is sufficient
to know its first moment and its covariance matrix”. However, in practice, we never know the first moment and the
covariance matrix exactly, but we can only have estimates of them, meaning that we can only approximately know
the Gaussian state. It is thus a fundamental problem – yet never tackled before – of Gaussian quantum information
to determine what is the error incurred in trace distance when estimating the first moment and covariance matrix
of an unknown Gaussian state up to a precision ε. The forthcoming Theorem 2 addresses this problem. One might
be inclined to believe that there is a simple approach to solving this problem, involving first bounding the trace
distance in terms of fidelity and then employing the known formula for fidelity between Gaussian states [29]. While
this approach may seem promising at first glance, it ultimately fails because the expressions involved in the fidelity
formula are too complicated to allow for the derivation of a simple bound in terms of the distance between the first
moments and the covariance matrices.

Theorem 2. Let ρ1 and ρ2 be Gaussian states with mean total photon number upper bounded by Ns, i.e. it holds
that Tr[ρ1 N̂n] ≤ Ns and Tr[ρ2 N̂n] ≤ Ns. The trace distance between ρ1 and ρ2 can be upper bounded as

1

2
∥ρ1 − ρ2∥1 ≤

√
2(Ns + 1)

(
∥m1 −m2∥2 +

√
2
√
∥V1 − V2∥1

)
, (1)

where m1 and m2 are the first moments and V1 and V2 are the covariance matrices of ρ1 and ρ2, respectively. Here,
∥ · ∥1 and ∥ · ∥2 denote the trace norm and the 2-norm.

Proof tools. We use non-standard properties of the Gaussian channel NK that acts on the covariance matrices as
V 7→ V +K and leaves the first moments unchanged, where K is a fixed positive semi-definite matrix. Specifically,
leveraging results from [30], we prove that the energy-constrained diamond distance [31, 32] between NK and the
identity satisfies 1

2 ∥NK − Id∥⋄Ns
≤

√
2(Ns + 1)

√
TrK, which constitutes a new technical tool.



Theorem 2, which we regard as a significant technical contributions, establishes that an ε-estimate of the first
moment and of the covariance matrix of a Gaussian state leads an

√
ε-estimate of the state in trace distance.

Moreover, Theorem 2 allows us to analyse the sample complexity of tomography of Gaussian states.

Theorem 3 (Informal version). Let ρ be an unknown n-mode Gaussian state with mean energy per mode upper
bounded by E, i.e. Tr[ρÊn] ≤ nE where Ên

..=
∑n

i=1

(
x̂2
i
2 +

p̂2i
2

)
= N̂n + n

21 is the energy operator. For any

ε, δ ∈ (0, 1), a number O
(
n7E4

ε4
log

(
n2

δ

))
of copies of ρ suffices to construct a classical description of a Gaussian

state estimator ρ̃ such that 1
2∥ρ̃− ρ∥1 ≤ ε with probability at least 1− δ.

Proof ideas. The key step of the proof involves applying Theorem 2. Moreover, note that to obtain rigorous
performance guarantees on the estimate of the covariance matrix, we need to establish an upper bound on the
second moment of the energy. We do this by proving that any Gaussian state ρ satisfies Tr[ρÊ2

n] ≤ 3(Tr[ρÊn])
2,

which constitutes a new technical tool.

We can improve the trace distance bound in Theorem 2 if we assume one of the states, say ρ1, to be a pure
Gaussian state (interestingly, such an improved bound holds even if ρ2 is not Gaussian). By exploiting this im-
proved bound, we can show that O

(
n5E3

ε4
log

(
n2

δ

))
samples suffices to achieve tomography of pure Gaussian states.

Tomography of t-doped Gaussian states.— An n-mode unitary Ut is said to be a t-doped Gaussian uni-
tary if it is a composition of Gaussian unitaries and at most t non-Gaussian κ-mode unitaries. In other words,
Ut is of the form Ut = GtWt · · ·G1W1G0, where each Gi is an n-mode Gaussian unitary and Wi is a κ-mode
non-Gaussian unitary. Strictly speaking, we assume each Wi to be a unitary generated by an Hamiltonian which
is a (non-quadratic) polynomial in the quadratures of at most κ modes. An n-mode state |ψ⟩ is said to be a
t-doped Gaussian state if it can be prepared by applying a t-doped Gaussian unitary to the vacuum: |ψ⟩ = Ut |0⟩⊗n.
Remarkably, the following decomposition of t-doped unitaries and states hold.

Theorem 4 (Non-Gaussianity compression in t-doped Gaussian unitaries and states). If n ≥ 2κt, any t-doped
Gaussian unitary Ut can be decomposed as Ut = G(u2κt ⊗ 1n−2κt)Gpassive, for some suitable Gaussian unitary G,
passive Gaussian unitary Gpassive, and 2κt-mode (non-Gaussian) unitary u2κt. In particular, any t-doped Gaussian
state can be decomposed as

|ψ⟩ = G
(
|ϕ2κt⟩ ⊗ |0⟩⊗(n−2κt)

)
(2)

for some suitable Gaussian unitary G and 2κt-mode (non-Gaussian) state |ϕ2κt⟩.

Theorem 4 establishes that it is possible to compress all the non-Gaussianity of a t-doped Gaussian state via a
suitable Gaussian unitary. By leveraging the decomposition in (2), we can design a tomography algorithm for
t-doped Gaussian states, whose performance are analysed in the Theorem 5 below. The idea behind our algorithm
involves first estimating the Gaussian unitary G, then applying its inverse to the state in order to compress the
non-Gaussianity, and finally performing the tomography algorithm mentioned in Theorem 1 over the first 2κt modes.

Theorem 5 (Informal version). Let |ψ⟩ be an unknown n-mode t-doped Gaussian state with second moment of the

energy per mode upper bounded by E2, i.e.
√
Tr[ρÊ2

n] ≤ nE2. For any ε, δ ∈ (0, 1), a number O
((

n2(E2)2

ε2

)κt)
of

copies of |ψ⟩ suffices to construct a classical description of an estimator |ψ̃⟩ such that 1
2

∥∥∥|ψ̃⟩⟨ψ̃| − |ψ⟩⟨ψ|
∥∥∥
1
≤ ε with

probability at least 1− δ.

Proof tools. We exploit concentration inequalities typically used in statistical learning theory. Moreover, we employ
a variety of established tools in Gaussian quantum information while also introducing novel tools. For instance, we
utilise the known perturbation bound on symplectic eigenvalues of covariance matrices established by [33]. As an
example of novel tool, we introduce the inequality E

(
USρU

†
S

)
≤ ∥S∥2∞E(ρ), where E(ρ) ..= Tr[ρÊn] is the mean

energy of ρ, US is the Gaussian unitary associated with a symplectic matrix S, and ∥ · ∥∞ is the operator norm.

Theorem 5 implies that tomography of t-doped Gaussian states is efficient in the regime κt = O(1), as its sample,
time, and memory complexity scales polynomially in n.

Conclusions.— Our work serves as bridge between the two fields of quantum learning theory and CV quan-
tum information. We provide the first investigation of tomography of continuous variable systems with rigorous
performance guarantees in terms of the trace distance. We first investigate moment-constrained states, by showing
both lower and upper bounds on the sample complexity of tomography. Remarkably, we identify the optimal sample
complexity for tomography of moment-constrained pure states. Second, we rigorously prove that tomography of
Gaussian states is efficient. To achieve this, in Theorem 2 we introduce an upper bound on the trace distance
between Gaussian states in terms of the distance between their first moments and their covariance matrices, which
constitutes a technical tool of independent interest for the community of continuous variable quantum information.
Finally, we analyse t-doped Gaussian states, demonstrating a valuable decomposition in Theorem 4, which guides
the development of an apt tomography algorithm.
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