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Operator averaging with IC-POVMs

A POVM is a set of operators 𝑀!  (effects) with the following properties:

• Positivity      ∀𝑘: Tr 𝜌𝑀! ≥ 0	, for any 𝜌
• Normalization        ∑!𝑀! 	= 𝕀
• Born’s Rule      𝑝! = Tr 𝜌𝑀!

A POVM is said to be Informationally Complete (IC) if it spans the space of 
Hermitian operators.

Expectation value estimation. Given a quantum state 𝜌 prepared by some 
quantum algorithm, estimate ⟨𝒪⟩"= Tr[𝜌𝒪]

Step 1. Decompose

Step 2. Sample

3𝑜 =5
!

#𝑘
𝑆
𝜔! → ⟨𝒪⟩" with	error	𝜖	~

𝐕𝐚𝐫[𝛚𝐤]
𝑆

Can be adjusted with the choice of the POVM [1], BUT it also 
depends on the decomposition coefficients 𝜔!. If the POVM is 
overcomplete, these are not unique. 

𝒪 =5
!

𝜔!𝑀! ⇒ 𝒪 " =5
!

𝜔!𝑝!

1. Pick 
overcomplete 

POVM

2. Sample 
outcomes

3. Pick 
a dual 
frame

4. Compute traces 
and average

Optimize dual frame to 
minimize the variance for a 

given observable

(can be repeated for each 
observable)
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Measurement dual frames

Informally, in a finite-dimensional vector space 𝑉 a frame is a (possibly 
overcomplete) collection 𝑣! ⊂ 𝑉 spanning 𝑉. For every frame, there exist at 
least another collection of vectors { K𝑣!}, called a dual frame, such that for 
any 𝑣 ∈ 𝑉 we have 𝑣 = ∑! K𝑣! , 𝑣 𝑣! = ∑! 𝑣! , 𝑣 K𝑣!.

We can think of the elements {M$} of any IC-POVM as a measurement frame 
in the vector space of Hermitian operators of the same dimension [2]. In this 
case, the duals {D$} represent estimators for quantum states:

𝜌 =5
%

⟨𝜇% , 𝜌⟩ K𝜇% =5
%

𝑝% K𝜇% Classical shadows are 
measurement dual frames!

For an observable 𝑂, we can build an estimator via the state estimators, i.e., 
the POVM duals, as �̅� = 𝑂, K𝜇% . We then have

𝑂 =5
!

𝑂,𝐷! 	 𝑀! ⟨𝑂⟩ =5
$

𝑂,𝐷! ⟨𝑀! , 𝜌⟩ =5
$

𝜔$Tr[𝜌M$]

The duals give us a systematic way to express observables in terms of POVMs
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Dual frames from empirical frequencies
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Parametrizing dual frames

A (non-exhaustive) parametrization of dual frames for a POVM 𝑀!  can be 
constructed from a probability distribution 𝛼!  as:

𝐷! =
1
𝛼!
ℱ&'( 𝑀! for 𝑘 = 1,2, … , 𝑛

where ℱ& ∶ 𝑋 ↦5
!)(

* 𝑇𝑟 𝑋𝑀!

𝛼!
𝑀! 	

• 𝛼! = 1: canonical dual frame
• 𝛼! = Tr 𝜌𝑀! : optimal dual 

frame given the state 𝜌 [2]
•  𝛼! =

+, -!
.

: average optimal 
dual frame (unknown state)

This is the one that most classical shadows protocol use

Common approach for 𝑁 qubits: use product of 1-qubit POVMs:

𝑀𝐤 = 𝑀!"!#⋯!$ = 𝑀!"⨂𝑀!#⨂⋯⨂𝑀!$

Problem. This does not guarantee a product structure on the duals, which 
can in general become exponentially expensive to manipulate. Notably, this 
is the case for the optimal dual frame given 𝜌. Moreover, Explicit optimization 
of the dual frame can be cumbersome – especially for adaptive POVMs.

How do we construct efficient and effective duals?

Dual frames in action. For random states and observables, optimize 𝛼! for 
the best possible single-shot variance

𝐹 = argmin
𝐌,𝐃

	SSV 𝐌,𝐃, 𝒪, 𝜌 = argmin
𝐌,𝐃

5
!
Tr 𝜌𝑀! Tr 𝒪𝐷! 3 − 𝑐𝑜𝑛𝑠𝑡.

• Canonical: 𝛼! = 1

• Average-optimal : 𝛼! =
"# $!

%

• Optimized local: 𝛼!  optimized 
as 1-qubit product distribution

• Optimal joint: 𝛼!  optimized as 
global distribution

Random 4-qubit 𝜌, 𝑂
1-qubit Pauli shadows measurementsIdea: converge to the optimal dual frame 

𝛼! = 𝑝! by estimating 𝑝! as frequencies 
𝑓! from the actual measurements.

• Restrict correlations in 𝛼! by making it a 
product of 𝑚-local distributions, leading 
to 𝑚-local duals

• Maximize the mutual information of the 
POVM outcomes between qubits in the 
same subset.

Distribution over 200 random pairs of 
states and observables

Try this at home! 
Check out our Qiskit 

POVM toolbox

https://qiskit-
community.github.io
/povm-toolbox/
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