Dual frame optimization for informationally complete quantum measurements
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Introduction. As our abilities to build and operate large quantum information processing systems steadily
progress [1], the question of finding the most effective strategies to interrogate such devices becomes more and more
pressing. Over the last few years, several protocols to design optimized sets of quantum measurements have been pro-
posed. Among these, approaches based on randomization [2, 3], as well as general positive operator-valued measures
(POVMs), received substantial attention. Upon input of a target quantum state, these strategies return a statistical
estimator for it, which is often referred to as a classical shadow [4]. Notably, shadows allow for a separation between
the data acquisition phase, which can be carried out without fixing a target observable, and the classical processing
and reconstruction stage. Focusing on the data collection step, several works have considered the optimization of
informationally complete (IC) measurement operators to yield estimators with favorable statistical properties [5-7].
However, little emphasis has so far been put on the post-processing stage: in fact, it was only in a recent publication
that Innocenti et al. [8] highlighted the existence of often neglected degrees of freedom associated with overcomplete
measurement schemes, reviving the concept of measurement dual frames [9]. In other words, while classical shadows
protocols embody the principle “measure first, ask questions later” [3], a lot remains to be said about how such
questions should be asked.

In this work, we dive deeper into the application of frame theory to IC quantum measurements and we present
efficiently computable classes of parametrized dual frames, together with the corresponding optimization routines.
Indeed, while a number of results are known concerning optimal choices of measurement settings and dual frames
for both tomography and observable estimation [8], these are often impractical or impossible to realize at scale
due to inherent technical (e.g., lack of connectivity, device noise) or fundamental (e.g., memory or data processing
requirements) limitations. By leveraging a product structure, our proposed methods ensure consistent improvements
over standard settings while remaining applicable, in principle, up to large sizes of the target qubit registers.

Generalized measurements and dual frames. POVMs describe the most general class of measurements for
a quantum system. In a finite d-dimensional Hilbert space H, an n-outcome POVM is defined by a set M =
{Mk}ke{l,...,n} of n positive semi-definite Hermitian operators, called effects, subject to 2221 My, = 1. For a state p,
the probability of observing the k-th outcome reads py = Tr[pMy]. A POVM is said to be IC if, for any Hermitian
operator O on H, there exist wy € R such that O = ZZ:l wpMy. If n = d?, the IC POVM effects form a basis for
Herm(H), the real vector space of Hermitian operators acting on . As a result, a Monte Carlo estimator of the form
o= (1/9) Zle Wy (S is the number of samples) for (O) , is readily derived from the expression (0), = Tr[pO] =
>p Wi Te[pMy] = Epoqp,y[wi] [7]. When n > d?, an IC POVM defines a frame on Herm(#) [8]. For a vector space
V with inner product (-,-), a frame is a set of vectors F = {f; }rex spanning V. More precisely, F' is a frame if there
exist two positive real numbers A and B such that 0 < A < B < oo and A(v,v) <>, . [{v, f)° < Bv,v)VveV.
Remarkably, for any given frame there always exists at least one dual frame F = {f‘k} such that V v € V one has
v = 3 (f, v)f, = 3, (fi, v)fi. In the context of operator averaging, let us then call D = {D;} a dual frame
to M. Using the Hilbert-Schmidt inner product, we have by definition that O = Y_;_, Tr[ODy] M}, from which it
follows wy, = Tr[ODy], i.e. the expansion coefficients that appear in 6 are determined by the choice of the dual frame.
For a minimally IC POVM, only one dual frame exists, the so-called canonical dual frame, which is constructed
as |Dy) = F1 M) with F = Y7 |Mg){My|. Crucially, for overcomplete (n > d?) IC POVMs the dual frame
is instead not unique, and its choice can significantly influence — even for a fixed POVM — the quality of the MC
estimator. More explicitly, the performance of 6, as quantified by the number of samples needed to achieve a desired
precision, is controlled by the single-shot variance (SSV)

Var[wy[M, D, 0, p] = Y Tr[pM;] Tr[OD]* — (0)?. (1)
k

Moreover, since for any valid state p one can write p = >, Tr[pMy|Dy, = >, prDs, we see that dual frame elements
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behave as unbiased estimators for p, i.e., POVM duals offer a generalised notion of (tunable) classical shadows.

Dual frame optimization. A POVM-based estimation of observables is only feasible if the POVM effects and the
dual operators can be efficiently handled classically. We will then consider N-qubit systems where the POVM effects
are tensor products of single-qubit n-outcome POVM effects, namely My = My, ko.... kn = M,gi) Q- ® M,gg) To
obtain a practical, albeit non-exhaustive parametrization of the dual frames, we define a weighted frame superoperator

Fo =Y one Mic){ M. (2)
k

If F, is invertible, the set of |Dy)) = ayF, | M) form a valid dual frame which is invariant under uniform scaling
of the coefficients. A simple way to ensure that F, is invertible is to assume that o) > 0Vk. Hence, we can think
of the parameters {ay} as a probability distribution. Assuming the POVM has a product structure, the degree of
correlations in this multivariate probability distribution determines the product structure the resulting duals. In the
simplest case where ay fully factorizes, the dual frame will be of product form. More generally, if ax is a product
of distributions each acting on at most m qubits, the duals will be tensor products of terms that act on m qubits.
To compute the wys, one then needs to construct matrices of size at most 2™ x 2™. This way, the complexity of
the dual operators in the post-processing can be tuned by imposing restricted correlations in the distribution ay.
To improve tatistical estimators based on overcomplete POVMs, we can then minimize the SSV as a function of
the parameters entering the weighted frame superoperator, yielding an estimator of (O), with the smallest possible
variance. Crucially, the optimization can be repeated independently for each observable of interest starting from the
same collection of IC samples, operating fully in post-processing. As an example, we show in Fig. la the behavior of
different classes of POVMs and dual frames, measured as the cumulative class performance over N, observables

Nobs
Zb Var[wy, | M, D;, Oy, p)
Fo(M,D) = nin = N . (3)
Bis | Yon, - 00
i=1

Details on the numerical simulations are available in the full version of the manuscript [10].

Empirical frequencies dual frames. In practice, the dual frame optimization landscape might be difficult to
navigate, and a simultaneous optimization of the duals and the POVM operators themselves can quickly become
cumbersome. As an alternative to optimizing a parametrization of the dual operators, we thus propose a procedure
to obtain suitable dual frames for a fixed and overcomplete IC POVM based on empirical frequencies. In theory,
the dual frame that minimizes the SSV with respect to D is obtained by using the frame superoperator Fopz =
Sy W|Mk D My| [8]. Since most often one does not have access to the outcome probabilities px = Tr[pMy],

we replace them with empirical frequencies of the form fx = #k/S, where #k counts the number of times the
outcome k occurs in an IC sample. In this way, we define the global empirical dual frame |Dy)) = kaf—l‘Mk»’ where

F = fik|Mk>><(Mk| We refer the reader to the full version of the manuscript [10] for an extensive discussion
concerning regularisation precautions that can be adopted to ensure numerical stability.

The global empirical dual frame still suffers from two issues: first, for sizable qubit numbers the number of different
POVM outcomes eventually becomes much larger than the available shot budget S. In this regime, it is difficult to
improve over the average-optimal dual frame (for which one assumes py = Tr[IMy]/d Vk). Second, the dual matrices
can become exponentially large when the correlations in fx are not restricted. Both of these issues can be overcome
by focusing only on the most relevant few-qubit correlations. In the simplest case, the outcome probabilities fx
can be approximated with the product of marginal probabilities fi = [, ,(;i), with f,(;i) = 2 (k; 10 forsbn - The
correlations captured by the empirical frequencies can also be systematically tuned up by partitioning k into marginals
of larger sizes. For instance, let A = {A1,...,\;} be a partitioning of the qubit indices {1, ..., N} into subsets \; that
each contain up to m terms. We can approximate the global distribution fi (or fk) as a product of m-body marginals
fa; by computing fﬁ = Hé:1 fass With fa, = Z{kj}je>v fi1,...kn- This leads to dual frame operators that are tensor
products of m—Ilocal terms. To choose a suitable parltitioning, we leverage the intuition that pairs of qubits whose
POVM outcomes are highly correlated should preferably be grouped into the same set. We quantify such correlations
through the empirical mutual information (4, j), given as

. Fi.g
I(i,5) =Y frijylog (z{' ]}) ' W

e s



a 16 : ‘ ‘ b 210
Canonical Optimized local Optimal joint 3
141 Average-optimal Multiple locals =~ - Fc lower bound E 091

LS 12 4 § 081  _ —

£ 10 § 071 _

£ = -

5 84 — - s 0.6

b= - = c —

& 6 — © 0.5

%] - ﬁ —
@ - - 3 0.4

O 47 y 5

2] § 0.31 optimal duals two-local duals
1 L 0.2 one-local duals three-local duals
0 T T T T T g T L T L T L T
1 2 3 4
N e < .
e \© e SN Cae  «© number of qubits
o 5o o c}’/é o Lo o AR i
S C NPT Gt oo Mot
o I W N
Io5a N
o

FIG. 1. a) Cumulative performance of different classes of IC POVMs for different choices of dual frames. Each distribution
is built from 200 repetitions of sampling a Haar-random 2-qubit pure state and five observables. Color indicates the employed
class of duals: green ones are optimized using the weighted frame superoperator with product form, and for the light-green
distributions duals are re-optimized for every observable. Orange data use duals constructed with Fopt, and the red dashed line
indicates the lower bound saturated by projective measurements in the eigenbasis of the observables. b) Variance reduction
compared to classical shadows with canonical duals for different types of empirical frequencies dual frames. Violin plots show
the distribution over 200 random pairs of states and observables.

This measures the price one has to pay when approximating the joint distribution f; ;3 through the product of
marginal distributions fg@) ,(jj ), given by the Kullback-Leibler divergence. In a practical setting, the maximally-allowed
degree mmax should be chosen such that the classical cost in computing the traces of the resulting 2™ x 2™ dual
matrices is deemed tolerable, and sufficient statistics are gathered to capture the m—body marginals, which becomes
exponentially more difficult as m increases. Once mmax is fixed, one can define a cost function C for A that is given
by the sum of the pairwise mutual information over all set, i.e., C(A) = >y cr Dj ren, j2x L(J, k). While the global
optimum can be straightforwardly computed from this cost function for small qubit numbers, this becomes infeasible
for larger N due to the super-polynomial scaling of the number of different partitionings. In such a setting, one
may, for instance, construct a well-performing partitioning by first computing (4, j) for all pairs of qubits, and then
putting pairs of highest values into the same subset with a greedy allocation strategy. In Fig. 1b, we showcase the
improvement over canonical duals for increasing system size. Notice that the enhancement brought by optimal global
duals becomes more and more pronounced, and that the performance of the marginal duals can be systematically
improved by including higher-order correlations.

Discussion. In this work, we developed and tested scalable dual frame optimization strategies that allow us to
significantly sharpen the performances of “measure-first” schemes while acting entirely at the data post-processing
stage. We proposed a marginalized version of dual frames offering advantages even if restricted to a structure of
limited correlations. This class of duals can, in principle, be parameterized and iteratively refined in combination
with, e.g., adaptive POVMs [7]. Furthermore, we described an optimization-free dual frame, based on empirical
outcome frequencies, that converges (in the statistical sense) to the best m-local one. This approach does not require
any prior knowledge or assumptions on the state being measured, and can be tuned up systematically to capture the
most relevant correlations in the measurement outcomes of individual qubits. Our techniques are especially relevant
for use-cases that require estimating several observables for the same state, as the dual operators can be optimized for
every observable independently. Beyond reconstructing expectation values, all our proposed methods are applicable
to an extensive set of tasks, including reduced state tomography, machine learning and error mitigation. As a key
takeaway, our work confirms that dual frames deserve a greater attention whenever overcomplete IC techniques are
employed, as the freedom they offer can be straightforwardly leveraged to improve any shadow-based protocol without
overheads in sampling or quantum circuit complexity. We therefore expect that the careful selection of duals will soon
become a standard component of randomized and IC measurement toolboxes.
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