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Data as an economic resource is increasingly relevant in an age of data-hungry parameterized models.
The key property that sets classical data apart from traditional economic goods is the possibility of
copying it at essentially no cost and without a record. The ability to store and transmit data as quantum
states vulnerable to destructive measurement and unable to be generically copied has the potential to
change this landscape. In this work, we use communication complexity lower bounds to demonstrate that
encoding classical data in quantum states can mimic the behavior of a traditional, consumable economic
good. We achieve this by proving that the quantum communication complexity of certain problems
scales polynomially with the number of computational tasks performed using the data. This suggests
that quantum networks hold the potential to enable novel types of data markets and incentive structures
for the creation and distribution of classical data.

Economic theory is concerned chiefly with goods that are consumed during the process of production,
known as rival goods. However, for almost a century it has been recognized that data and information
also play a vital role in economic processes [49]. The economic impact of data is particularly noticeable
as statistical models fitted to large datasets are being usefully applied to problems in various fields of
science and engineering [17, 19, 39]. The ability to cheaply replicate data has long been recognized as
its chief distinguishing characteristics compared to other economic resources, and this nonrivality has
dramatic consequences [9, 46]. It essentially implies that the (albeit idealized) equilibrium known as
perfect competition, in which the price of every good on the market is set by its capacity for increasing
output, cannot hold once data is included. In some sense, one cannot “get their money’s worth” when
data is traded, unless there is some external enforcement mechanism that sets prices. Such a mechanism
requires trust between the parties involved, and may have complex structure. Examples of this can be
seen in recent proposals for data markets [6, 32].

In contrast to the classical picture, the destructive nature of quantum measurement suggests that
classical data encoded in the amplitudes of a quantum state may behave more like a traditional
consumable economic resource, with potentially interesting economic consequences. For this to be
the case, one must first show that a problem of interest can be solved with data encoded in this way.
In addition, one must argue that the resulting states cannot be replicated in a similar manner to
classical data. There is an inherent tension between these two goals, since while no-cloning is trivial
for general states [44], this is no longer the case once states are structured. As a simple example, given
a computational basis state, it can be measured in the computational basis without disturbing it and
copied in this way, and thus acts analogously to classical data. A less trivial example is states that
encode boolean functions may also be copied in some cases due to their underlying structure [1]. It
is therefore a priori not obvious whether any problems satisfy these competing demands. We survey
related work in Appendix E.

In Section I we make precise our definition of consumable quantum data. We then prove that for
a number of problems, namely (i) sampling from a distribution defined by the solution of a linear
system [41] (Section ITA), (ii) a computational problem over bipartite graphs known as hidden matching
[11] (Section IIB), and (iii) a multi-party two-outcome observable estimation problem (Appendix G),
quantum data in fact behaves like a consumable resource. We also prove that classical data cannot behave
in this manner. The main ingredient in the proofs is a lower bound on the quantum communication
required to solve multiple instances of these problems when a subset of the inputs are correlated. The
essence of the construction is that by sending a quantum message, Alice in some sense reveals only a
tiny fraction of her data while allowing Bob to solve these problems, and the method by which he solves
them destroys the data and prevents it from being reused.

Motivated by the setting of data markets, we consider problems where one party (Alice) wants to sell
some data in her possession to another party (Bob), while Bob is interested in evaluating a set of m
functions of Alice’s data. Our results indicate that for certain problems, if Alice sends a Bob enough
(classical) bits to evaluate a single function of interest, he can evaluate other functions as well, implying
that Alice’s potential payoff from selling her data will be independent of the number of Bobs (as for
example in [42]). If, on the other hand, Alice is willing to send only quantum copies of her data, Bob
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is in some sense forced to purchase a copy of the data state for each function he wishes to evaluate,
and Alice’s payoff may now be proportional to the number of functions. This is generally impossible to
achieve using classical resources alone and without external mechanisms regulating the data market. We
illustrate a possible application of our results by formulating a model of a data market as a strategic
game in Appendix H, in which Alice’s payoff scales with the number of times her data is used when she
uses quantum communication, but not when classical communication is used.

I. CONSUMABLE DATA

We now define the notion of consumable data. Denote by X, ), O the space of Alice’s inputs, Bob’s
inputs (or those of a single Bob in case there is more than one), and a space of outputs. Below, we use
P = (R,Pp,q) to denote a family of relational problems R C X x Y x O and a set of protocols Pp.
We informally use problem to refer to tuples of this kind. We use R™ C X x Y™ x O™ to denote the
m-Bob relational problem where Alice receives one input and the m Bobs have distinct inputs (or Bob
receives m inputs in the two-party case). The goal is to solve the relation on at least 60% of the Bob
instances with 75% probability. Similarly, we use P} to denote the set of protocols where Alice sends
one message and the Bobs are allowed to communicate classically if ¢ = 0 and quantumly if ¢ = 1. So
P = (R™, PE,q).

For a problem P, denote ¢(P) to be the communication complexity of the minimum cost protocol in
the set Pp which solves R. Since we will be modeling scenarios where Alice is selling her data to the
Bobs who will be using it for computation, the cost here will be in terms of communication between
Alice and the Bobs only.

Definition 1.1. A problem P is said to be a consumable data problem if c(P™)/c(P) = Q(m*) for some
k > 0, and a nonconsumable data problem if c(P™)/c(P) = O(1)

We refer to the quantity appearing in the lower bound in Definition I.1 as the consumability factor
of P. In both these definitions, the tilde hides polylog(m) factors. The motivation of these definition
comes from the economic theory of production and the role of classical data in this framework, as we
outline in Appendix F. There is a subtlety in this definition, in the sense that the benefit of consumability
arises when Alice chooses to use a particular communication protocol (typically a quantum one over a
classical one) but the definition itself does not specify why she would have such a preference. There are
a few cases where consumability or nonconsumability can be characterized in some generality, which we
consider in Appendix B.

II. EXAMPLES OF CONSUMABLE QUANTUM DATA
A. Linear regression sampling

We consider here a sampling variant of linear regression introduced by Montanaro et al. [41]. The
notation in this section is defined in Appendix A.

Problem 1 (Multiple Linear Regression Sampling (MLRSx ,,)). Alice is given a vector x € S¥=1. Bob
is given m matrices By,. The goal is for Bob to produce one sample from each distribution Py over [N]
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Note that solving the above problem with some inaccuracy 7 corresponds to sampling from some
distribution with total variation error at most n with respect to Px. In order to consider the
communication complexity of these problems, we must first discretize the inputs so that they have
finite size. We thus assume all real number are specified to log N bits of precision.

Lemma 1. i) For TV error n < 1/4, the quantum one-way communication complexity is
SQ; (MLRSy 1) = Q(mlog(N/m)).

it) For constant TV error n, in the multi-party setting, the one way quantum communication complexity

is SQ; (MLRS y,n) = O(mlog(N)max(| BE[|* / | B «][3).

Proof: Appendix D.

While these upper and lower bounds match in terms of their N dependence if HBlij2 is relatively
large (and in particular does not decay with N), they do not match in terms of their m dependence.
One example is when the features of = that different samples are sensitive to are in some sense uniformly



distributed, as in the construction used to obtain the lower bound in Lemma 1. In this case, we have
max ||B,j||2 /||B,jx||§ = O(m). In this setting, based on the definitions of Section I, we obtain that

MLRSy,m is a consumable data problem for quantum data, with consumability factor m.

B. Hidden Matching
We define the following generalization of the Hidden Matching problem [11]:

Problem 2 (Multiple Hidden Matchings (MHMy ,,)). Alice is given a string x € {0,1}". Each of
the m Bobs is given m perfect matchings {My} over [N]. Their goal is to output (i,j,x; ® ;) where
(i,7) € My, for all k. Only Alice is allowed to send messages to Bob.

There is a quantum algorithm that solves this problem with probability 1 using mlog N qubits of
communication [11]: Alice sends Bob a copy of the state 1)) = N~1/2 Zfil(—l)“ |i) over log N qubits.
Denoting the k-th pair in Bob’s a matching that Bob holds by (i, jx), Bob measures the state using the
N-outcome POVM defined by Ey, = % (lir) + (—1)° |ji)) ((ix] + (=1)° (j|) for k € [N/2],b € {0,1}.
This process is repeated for every matching. It is clear that the state cannot be re-used after such a
measurement to solve the problem for multiple matchings. Since each POVM has N possible outcomes,
approaches based on gentle measurement that are discussed in Appendix G should not be applicable to
this problem without requiring poly(IN) copies of the state.

We also have the following lower bound on the quantum communication required to solve the problem:

Lemma 2. Q7 (MHMy ,,,) = Q(v/m) for m < N/2.

Proof: Appendix D.
The combination of Lemma 2 and the upper bound implied by the algorithm described earlier implies
that MHMy ., is a consumable data problem when quantum data is used, with consumability factor

Q(y/m/ log(NV)).

C. Economic onsequences of consumable data

The fact that quantum data is consumable for both of these problems has consequences in a setting
where Alice is interested in maximizing her profit when selling her data to Bob, who is interested in
using it for computation. In this scenario, our lower bounds imply that if Alice chooses to use quantum
communication, Bob must receive a message of size that is polynomial in the number of instances of
the problem which he wants to solve. This is essentially because he cannot reuse the quantum states
for solving multiple instances. This is in stark contrast to the picture when classical communication is
used, since known bounds imply immediately that classical data exhibits nonrival behaviour for these
problems (Appendix C). Once Alice sends Bob a message sufficient for solving a single instance, he can
reuse it to solve multiple instances. We make these notions more precise in the context of a strategic
game that models a data market in Appendix H.

When considering estimation of two-outcome observables, we show in Appendix G that quantum data
is non-consumable in the two-player case, but is consumable in a variant with multiple Bobs that can
only communicate classically and have limited memory.

IIT. DISCUSSION

We demonstrated that there exist problems for which encoding classical data into quantum states
leads to behavior that is akin to that of rival, or consumable, goods, which is generally not possible
using classical data alone. The inherent privacy benefits of amplitude-encoded data might also facilitate
computation with proprietary data, giving users fine-grained control over the dissemination of their
private data without the need for additional encryption. Being a preliminary investigation into the
possibility of using quantum networks in this manner, our results do not immediately apply to problems
with clear economic value. If this were the case, it could enable novel types of data markets and incentive
structures for the production of data. It is worth noting however that our results for the linear regression
sampling problem apply immediately to a related problem in which Bob obtains a state that encodes
the solution to a linear system rather than a classical sample. Such states are known to be strictly more
powerful resources than classical samples [7], and could be useful in learning tasks such as updating the
value of a linear estimator with new data (which is typically achieved with the recursive least squares
algorithm). Another limitation of our work is that some of the bounds we present are loose, but these
can possibly be tightened using more powerful tools such as Fourier analysis [12]. We discuss additional
related directions of future work in Appendix I.
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Appendix A: Notation

We denote by D™ deterministic classical one-way communication complexity. R-" denotes randomized
one-way classical communication complexity with error probability at most €, in which players are allowed
to share an unlimited number of random bits that are independent of their inputs. We similarly define
by 77 one-way quantum communication complexity with error probability at most €. In all cases the
one-way restriction implies that only Alice is allowed to send messages to Bob (if there are multiple Bobs,
they can communicate among themselves and we do not consider this as part of the complexity of the
problem). When the error is a nonzero constant (say 1/4) we omit the subscript.

We also consider sampling problems, where the goal is for Bob to produce a sample from a target
distribution given some inputs to Alice and Bob. For this type of problem, we define analogously SR, SQ
for the classical (randomized) and quantum communication complexity respectively (with the superscript
— denoting one-way communication as before). We allow constant error in TV distance between the
target distribution and the one sampled by the algorithm. We denote by AT the pseudoinverse of A.

Appendix B: Additional results on consumable data

Note that any problem involving only deterministic classical communication must be nonconsumable
— every Bob can just copy Alice’s message into his own working space. We also show in Appendix G
that if P corresponds to a decision problem, then even with quantum communication it must be a
nonconsumable data problem. This is because the Bobs can apply the Shadow Tomography protocol
[2] (unless the Bobs are only allowed classical communication between themselves and limited quantum
memory). Nevertheless, consumability can be proved for certain search problems (with many solutions)
solved using randomised or quantum communication.

Lemma 3. For any relational problem R and resource q, if the protocol is deterministic one way classical

communication, P = (’R,’ D, q)7 then Cgff;’;) =1 and the data is nonconsumable.

Proof of Lemma 3. For the m-Bob problem, Alice sends the same message as the protocol for the original
problem. Since her message depended only on her input, the message can be copied m times and the

correctness gaurantee holds for every instance on Bob’s end. O
Similarly,

Lemma 4. For any relational problem R and resource q, if the protocol is randomized one-way classical

communication, P = (R,R™,q), then Cgfp)) =1 and the data is nonconsumable.

Proof of Lemma 4. Akin to Lemma 3, for every instance the success probability is at least 75% and thus
with high probability 60% of Bobs succeed simultaneously. O

Lemma 5. For any relation with an output space of size K, R C X x Y x O, with |O| = K, if the

protocol is one way quantum communication P = (R,Q,q =1) then ct(f]:;) = 5(K10g2 m)c(P).

Proof of Lemma 5. Akin to Lemma 4, we want to give a protocol for for P™ using a protocol for P as a
subroutine. We do this by relying on the work of Gong, Aaronson [26] who proved that the distribution

of K-outcome POVMs on log N qubits can be learned to constant additive error in O(K log? mlog N)
copies. O

All of these lemmas can be generalised to the setting where Pp is a strict subset of one of these sets.

Appendix C: Nonconsumability of classical data
1. Linear regression sampling

Known results immediately imply the following bounds:
Lemma 6 ([41]). For constant total variation distance error 1 in the sampled distribution,
i) The randomized one way classical communication complexity, SR,”(MLRSy 1) = Q(Nlog N).
i) For any m, SR,>(MLRSN ) = O(N log N).



Proof of Lemma 6. i) Theorem 9 of [41], applied to square matrices. The proof is based on lower
bounds for distributed Fourier sampling.

ii) It follows from the ability of Alice to send her whole input to Bob to complete the task.

2. Hidden Matching

A tight lower bound shows that classical communication indeed acts like a nonrival good for this
problem. While it is known that R~ (HMy) = Q(v/N) [11], we believe this is the first characterization of
the deterministic complexity of the Hidden Matching problem. The results are consistent with Lemma 3.

Lemma 7. D~ (MHMy.,,,) = D~ (HMy) = N/2 + 1.

Proof of Lemma 7. We begin by proving D7 (MHMy 1) > N/2 + 1.

A deterministic protocol P for MHMy ; is defined by a matrix with 2V rows denoting the inputs to
Alice and (N — 1)!! columns denoting the inputs to Bob ((IV — 1)!! is the number of perfect matchings
over [N]). The entry in the matrix corresponding to inputs (x, M) is a tuple (i, 7, b) such that (i,j) € M
and b = x; @ ;. Define by 7 a message sent by Alice, and by S, the subset of the rows for which Alice
sends 7 to Bob. The choice of (4, 7,b) depends on x only through the message 7. Since the protocol is
deterministic, for a given column, the entries in each column of S; must have the same value since they
share the same 7, M, so we may write (with slight abuse of notation)

Pz, M)="P(r,M) = (i,5,b), (i,5) € M. (C.1)

Thus the rows of S, are all identical, and we can view each entry as a constraint that each vector z for
which Alice sends the message 7 must obey. We will bound the maximal possible size of S, by bounding
the number of zs that can satisfy all these constraints.

The constraints on the bits can be thought of as edges on a graph G = (V, E) with nodes V' indexed
by [N]. We begin with E = () and choose a sequence of matchings M = {M*}. For every matching, P
must produce a valid output that selects an edge from the matching and constrains the corresponding
entries of . While we have no control over which edge is chosen, we will choose M in such a way that
at each step of the algorithm, the size of the connected components in G increases for any edge output
by P.

Denote by {C¢} the connected components of G at step ¢, and C* = LZJC’f Initially we thus have

|CO =0.
i) |C* < N/2

We start with an arbitrary matching M'. For any x for which Alice communicates 7, the entries in
S, in the column corresponding to M' is S, must contain an edge (i,5) € M, hence after adding
(i,7) to E and M! to M we have |C'| = 2. Denoting by D the disconnected nodes, we next define
a matching M? that pairs each node in C' with some node in D'. The remaining nodes of D! are
paired among themselves. Note that M? cannot be equal to M!, since M contained an edge between
two nodes that are both in C! while M? does not. We add (i,5) to E where P(r, M?) = (i, j,b). If
the edge connects C! and D*, then |C?| = 3. Otherwise, |C?| = 4.

We pick M3, ... in the same fashion, defining M**! by pairing each node in C* with a node in D*
(and pairing the remaining nodes arbitrarily). This can be done as long as |C¢| < N/2. At every
stage, we are guaranteed that M*‘*t! ¢ M by the same argument used for M2, hence we are assured
that it is a valid choice.

After at most N/2 — 1 such steps, we have either |C*| = N/2+ 1 or |C¢| = N/2+2. From this point
a different strategy is required, since there are not enough disconnected nodes in D’ to pair with all
the nodes in C*. Subsequently, we order the nodes in C* by first ordering the connected components
{C#} by size, with C§ being the largest (or tied for the largest, breaking ties arbitrarily), and then
arbitrarily ordering the nodes within each Cf.

ii) |Cf| > N/2 and |C§| < N/2
Order the nodes in C* in the manner specified above. Denote by R’ the first N/2 nodes in this
ordering, and by RY the remaining |C*| — N/2 nodes. Define the matching M**! by first pairing
each node in Rﬁ with a node in R® in descending order (i.e. starting with the nodes in C§). Note
that two nodes in the same connected component cannot be paired in this way. This is because,
if this occurred for some connected component C;, this would imply that either |C;| > |C§| (since
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C; must have a node in R’ , the boundary between R’ and Rﬁ divides C};, so every node in the
matching so far is in C;, and we started the pairing in R® with the nodes in C’g and went through
all of them and reached C;) contradicting the imposed ordering, or else C; = C§, in which case since
some nodes in C§ are also in RY, we have |C§| > N/2 and we terminate the algorithm. Having thus
paired all the nodes in Ri (we can always do this since \Rm < N/2), we complete M**! by pairing
the remaining nodes in R’ with the unconnected nodes D! in an arbitrary way. Note that M‘*+!
does not contain any edge between two nodes that are in the same connectivity component. Thus

it is distinct from all of the matchings already in M (since by construction each one contained such
an edge) and we can add it to M. We add (j,k) to E where P(r, M) = (j, k,b).

For the same reason specified above, the edge from M‘*! that is selected by P will either connect
two previously unconnected components in C* hence C’,i“ =Cfu C’f for some 1, j, k, or else connect

some Cf with a previously unconnected edge (meaning |C**!| = |C| + 1).
We run the above algorithm until some step ¢ when either (a) |C?| = N or (b) C’g > N/2.

The algorithm is guaranteed to terminate in O(N) steps. If (a) occurs, then either (al) there are strictly
less than N/2 connectivity components or (a2) there are exactly N/2 connectivity components, since
each one contains at least two nodes. In case (al), there are strictly less than N/2 independent degrees
of freedom in the choice of the bits of any z for which Alice sends the message 7, since each connectivity
component C{ implies |Cf| constraints of the form z; ® ), = b where P(r,M) = (j, k,b), (j, k) € M
connects two nodes in C¥. In case (a2), there are N/2 connectivity components of size 2. We then

consider a final matching M**! that first divides {C¢} into groups of two {K;} and then pairs each node
to a node in a different connectivity component within the same K. As before, this matching is valid
since M1 ¢ M. After including the edge in P(r, M**!) into E, G will contain N/2 — 1 connected
components. As before, there are strictly less than N/2 degrees of freedom in choosing z. In case (b),
there is a single component of size strictly larger than N/2. Thus even if all the remaining nodes are
disconnected, there are strictly less than N/2 degrees of freedom once again.

In conclusion, in all cases we obtain that the number of rows of S, is at most 2/2=1. The number
of possible messages Alice must send is therefore at least 2%V /2N/2=1 = 2N/2+1 and thus the number of
bits Alice must send in order to solve MHMy ; is at least N/2 4+ 1. Since this bound is valid for the
multi-Bob version of the problem as well, we have D7 (MHMy ,,,) > N/2 + 1.

The upper bound is trivial: Alice sends the Bobs the first N/2+1 bits of her input. These are sufficient
for the Bobs to compute the output for all m matchings simultaneously. The result follows. O

O

Appendix D: Additional Proofs

Proof of Lemma 1. 1) Say Alice is given a binary vector y of length m log(NN/m) and there are m Bobs.
Each Bob uses the matrix

(N/m)(j+1)
Bi= > i)l (D.1)
i=(N/m)j

Alice then divides her bits into m sets of size log(N/m) and treats the bits in each set as an integer
r; € [N/m]. She creates a vector z of length N by concatenating a unary encoding of these numbers,
meaning

1
[ /myj(vmy G+l = \/;51‘”, (D.2)

where we used z;.,,) denotes the subset of the entries of a vector ranging from [I,m).

Suppose Alice and the Bobs manage to solve MLRSy ,,, with inaccuracy n. This means that Bob
produces a sample from a distribution that is at most 7 in TV from each of his target distributions
P;. From the definition of z and the BU), P; is be a delta function at r;. This means that with
probability at least 1— 27, Bob recovers the log(N/m) bits of r; by performing a computational basis
measurement. It follows that Alice’s message to Bob is a random-access encoding of mlog(N/m)
bits. From known lower bounds on the number of qubits needed for random access coding [43], if
2n < 1/2, Alice must send at least Q(mlog(N/m)) qubits to the Bobs.



ii) This follows immediately from the bound of Theorem 4 of [41] with an additional factor of m
due to the number of samples, and using ||z||]2 = 1. The bound uses an amplitude-encoding of
x, followed by the application of B,j using block-encoding. If two-way communication is allowed,
the complexity can be improved to O(m log(N)mI?X BN/ HB,;%HQ) since Alice and Bob can run

amplitude amplification.
O

Proof of Lemma 2. Let us consider the distributional complexity of MHMy ,,, where Alice’s input is a
uniform random string X ~ U({0,1}"). The Bobs have a deterministic input Y, where M; is just the
matching {(i,7 + 1)|i odd,i < N}. The matching M}, is just the k* cyclic permutation on nodes on
the left. The Bobs output random variables o = (i, jk, T, @ 2j,) as their respective solutions. For
notational convenience, we define O = 0103 ... 0,,,. Note that since m < N/2, each matching consists of
N/2 edges that do not appear in any other matching. It follows that for any choice of O, no edge (as
defined by the first two entries of each o) will be repeated.

Let px be density matrix corresponding to the message of length [ sent by Alice, of dimension 2!. By
Holevo’s theorem, I(X : O) < [. We will show that if the Bobs solve MHM y ,,, then I(X : O) > Q(y/m).
This gives us the required lower bound.

I(X:0)=H(O)— H(O|X). Note that H(O|X) = 0 since every Bob’s output is deterministic given
the input X. Thus, I(X : O) = H(O). To make this tuple amenable to analysis, we remove dependencies
in the output by considering a spanning forest of the graph induced by V' = Ug{ig, jx } = Ugp{ix }UU{jr }
We have that |V| > /m since we had a graph with m distinct edges by construction. Therefore, we get
a lower bound of Q(y/m) by Lemma 8. O

Lemma 8. If we have a tree T on n vertices labelled with variables xy ...xy,, then if T is a uniform
random string then the set of random variables Pr = {by,|(u,v) € T} where each by, = x, $ T, with
probability at least 2/3 has total entropy at least Q(n).

Proof. We prove this by induction on the height of the tree T, say h. If h = 0, then we have only 1
vertex and the set of parities is empty so the entropy is 0. In the inductive step, we assume that for all
trees of height h — 1, the statement is true. Now, consider any tree T' on n vertices of height h. Let L be
the set of leaves of this tree, and set k = |V(T') \ L|. We know that the subtree of T upto height h — 1
has total entropy on the set Prj_; at least k — 1. For any vertex v € L, let p(v) be its parent. Then
since x,, is a uniform random bit and v does not appear in any other parities, H(z, ® Tp (o) |Prp—1) =1.
Since by, = z, D x, with probability 2/3, by concavity of entropy we have that H(byy,|Prn—1) = Q(1).
We now iterate this argument over all leaves, adding the parities at the leaves to the conditioning. We
thus prove our claim. O

Appendix E: Related Work

1. Destructive measurement as a resource

The idea of using uncloneability of quantum states as a feature has a long history, starting with the
seminal work of Weisner [52] that introduced the notion of quantum money. However, the states used in
construction of quantum money schemes typically do not encode or transmit useful information and can
benefit from the computational power of pseudo-randomness in quantum state [31]. While no-cloning is
easy to show for states with little or no structure, this notion becomes more subtle for structured states,
and in particular ones that might be useful in performing computation. Aaronson considered the question
of uncloneablity of states that encode classical boolean functions, a problem known as quantum software
copy-protection [1, 4]. He showed that the presence of structure enables such states to be cloned unless
computational assumptions are made, and even then cannot be ruled out for states that encode functions
that can be efficiently learned. The setting we consider can be seen as a distributed generalization of
this problem. In the simplest case, evaluating the function of interest requires not only a quantum state
in the possession of one player (or the equivalent classical description), but also an observable in the
possession of another player.

2. Communication complexity (classical and quantum)

Our framework for demonstrating consumable behavior of data relies heavily on ideas from communication
complexity [53]. This is the study of distributed computational problems using a cost model that
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considers the communication required between parties. An excellent classical treatment is provided by
[37] (see also [47]). The power of replacing classical bits of communication with qubits has been the
subject of extensive study [13, 18, 21]. Of particular relevance to our analysis are problems that exhibit
exponential quantum communication advantages such as Hidden Matching [11], Vector-in-Subspace [45]
and sampling problems related to solutions of linear systems [41]. See also [44] for a general treatment
of quantum computing.

Appendix F: Data as an economic resource

Production theory [36] is one of the principal frameworks for the quantitative study of economic
systems. A fundamental object of interest within this framework is the production function F : Rf — Ry
that quantifies in some form the output of an economic agent, for example the goods produced by a firm.
The inputs to F' denote the resources required to produce said goods, such as labor, capital and raw
materials. For conventional goods of this form, which cannot be replicated at zero cost (and are referred
to as rival goods), it is known that the production function is typically a degree 1 homogeneous function
of its inputs (at least locally when restricted to some set .5):

F(Ax) = \F(x) (F.1)

for any A > 0. This captures the notion that e.g. doubling the number of factories and raw materials will
double a firm’s output. It follows directly from Euler’s theorem for homogeneous functions that within
the interior of S,
OF
Flx)y=2z - —. F.2
(0) =23 (F.2)
Since the output of the production function is a measure of the firm’s capacity to pay for the needed
resources, we see that if the price of resource i, denoted p;, is set according to

_OF
B &m—’

i (F.3)

for all ¢ € [M], then the output of the firm suffices exactly to purchase all the resources required, and
there is no surplus profit. This is known as competitive equilibrium, which maximizes social welfare in
the sense that the price of each good is commensurate to its usefulness in increasing the total output
[8, 23].

While it has long been understood at a qualitative level that data is an inherently different resource
than the ones considered above due to the ability to copy it for free [9, 49], the quantitative form of this
statement was realized decades later by the seminal work of Romer [46]. If we include data y as an input
into the production function, we instead have

F(Az,y) = AF(z,y) (F.4)

rather than the expected need to double each input proportionate to match production as in F(Az, \y) =
AF(z,y). This is because the data used by one process can be copied and used by several with negligible
additional cost. Euler’s theorem once again gives

oF

Fla,y) =z o

(F.5)
However, since increasing the amount of data will generally increase the output (say by improving the
quality of inference), we have ‘2—5 > 0. It follows that

OF oF

F(x,y) <z o —i—yay. (F.6)
Due to this inequality, it is impossible to set prices according to eq. (F.3). If this were done for all
inputs including data, the total output would be insufficient to pay for all the required resources. As
a result, markets involving data must be inherently inefficient in the sense that one must underpay for
some resource, or must include some external mechanism to enforce adequate compensation for resources
that can be freely replicated. Mechanisms such as patent law or subsidies that incentivize innovation
are all examples of this. Other examples are afforded by the trusted third parties that are introduced in
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proposals for data markets and handle the data in lieu of the data buyers themselves [6]. In the context
of strategic games that model data selling, the ability to copy data is also manifest in the payoff for the
data seller being independent of the number of buyers, unless a mechanism is put in place by which the
data buyers all agree to pay in advance for their data [42].

The distributed problems we consider can be interpreted within this formalism. For example, the
solution of MLRS v, (Section II A) can be seen as the output of a production function, with the number
of samples m and Alice’s message equivalent to A and y respectively. The result of Lemma 6 is then
analogous to eq. (F.4). Up to constant factors, this is an example of the well-known nonrival nature
of classical data. Alice must send a significant portion of her input to Bob for him to produce even a
single sample, and once Alice sends her full input he can produce an unlimited number of samples in
this way. If Alice were to sell Bob her data in the setting of a strategic game, her potential payoff will
be essentially independent of the value that Bob can derive (since this is proportional to m).

On the other hand, Lemma 1 indicates that if Alice insists on using quantum communication, the
data is analogous to a rival good as described by eq. (F.1). Bob can still produce m samples, but this
requires that Alice sends at least a number of qubits proportional to m. If Alice were to charge Bob
for each qubit sent for example, she would obtain a payoff proportional to the Bob’s output m (as long
as m < N). The lower bound indicates that this scaling holds regardless of the strategy Alice uses to
encode her input into the message, and of the strategy Bob uses to process this message. Using classical
resources alone this would be impossible to achieve.

The Multiple Hidden Matching problem (Section IIB) and the associated bounds we prove can be
interpreted similarly.

Appendix G: Two-outcome observable estimation

In the previous sampling problem, we used the potential exponential quantum communication
advantage in the linear sampling problem to make quantum representations of data a rival resource. It
is then natural to ask if all problems exhibiting an exponential quantum advantage in communication
can be made into a problem where data can be used as a rival resource. We will see that this is not the
case quite generically, when Bob’s task is a decision problem.

As a key example, consider the following problem built upon a classic problem in quantum communication
complexity:

Problem 3 (Vector In Subspace (VSyg) [34]). Alice is given a vector x € SN=1. Bob is given two
orthogonal subspaces of dimension N/2 specified by projection operators MM M®P) . Under the promise
that either HM(l)xH2 >V1—-02 or HM(Q)JCH2 >\/1—02 for 0 < 1/V/2, their goal is to determine which
is the case.

It is known that this problem exhibits an exponential advantage in quantum communication with
respect to randomized classical communication complexity [33]. Consider the following generalization:

Problem 4 (Vector In Multiple Subspaces (VMSy.p.m)). Alice is given a vector x € SN~1. Bob is given

m pairs of orthogonal subspaces M;l), M]@). Given a similar promise to the vector in subspace problem
for each pair of subspaces, the goal is to determine which subspaces x has large overlap with.

The exponential advantage in quantum communication might suggest that for this problem as well,
classical data will behave like a nonrival good while the quantum analog might behave like a rival
good. Indeed the destructive nature of the measurements would naively seem to satisfy our intuitive
requirements. This is because even for m = 1, Alice must send most of her input to Bob, and thus she
may not be able to derive value that is proportional to m for larger m. However, the problem can still
be solved with relatively little quantum communication, since data states can be re-used in a manner
that allows Bob to solve the problem for m > 1 with Alice communicating a number of qubits that is
only logarithmic in m. This can be achieved via shadow tomography:

Theorem 1 (Shadow Tomography [2] solved with Threshold Search [10]). For an unknown state |i))
of log N qubits, given m known two-outcome measurements E;, there is an explicit algorithm that takes
|V)®* as input, where k = O(log? mlogNlog(l/é)/s‘l),Nand produces estimates of (V| E; |v) for all i up

to additive error € with probability greater than 1 —§. O hides subdominant polylog factors.

VMSn,0.m is a problem of estimating m expectation values up to some constant error (due to the
constraint on #) on a target state. If polynomial error is required, it is known that Q(N) qubits of
communication may be required, and hence quantum communication is essentially equivalent to classical



12

communication (from e.g. lower bounds on estimating inner products [22]). Allowing constant error,
Theorem 1 implies that polylog(m) qubits of communication suffice to solve the problem. This directly
implies that, at least if Alice sends multiple copies of her state, a lower bound analogous to Lemma 1
is impossible, and Alice cannot hope to derive a payoff linear in m. This shows that an exponential
communication advantage is not a sufficient condition for quantum data to behave like a rival good.

Given that multiple entangled copies of a quantum state are known to be a more powerful resource
than single copies [28], it would also be interesting to consider a setting where Alice sends only single
copies of her data states. One way to do this is by introducing assumptions about the computation Bob
is allowed to perform with his message. Ideally this would be avoided, and one possible way to avoid
this is using results on certified deletion [16]. While requiring additional encryption, it may be possible
in this way for Alice to only send a copy of her state after receiving a certificate that Bob has deleted
the previous state, ensuring that multi-copy measurements cannot be performed.

A key difference between the vector in subspace problem and the other problems we consider is that
the former is a decision problem (a two-outcome measurement), while the latter are sampling problems or
relations. This may suggest that these type of problems are more amenable to the use of communication
advantages to instill value in data as a resource.

1. Multiple Bobs: An arms race?

Here we consider the task of two-outcome observable estimation more generally. If Alice has a vector
which she can encode in a quantum state |z) and each of m Bobs has an observable O;, Alice is only
willing to send the Bobs copies of |z) (when using quantum communication), and the Bobs cannot (i)
store multiple copies of |z) or (ii) communicate quantum states between them, this is equivalent to the
setting of learning without quantum memory that is studied in [20]. More precisely, this is a setting
where each Bob can perform a POVM on a single copy of |z) only, and exchange classical messages which
correspond to the classical memory used in this setting. In contrast, the setting of learning with quantum
memory (as per [20]) is one where the Bobs are allowed quantum communication (but still can measure
only a single copy of |x) each), with the content of the quantum communication channel corresponding
to the quantum memory. In both cases, Alice’s messages correspond to samples of an unknown quantum
state as is standard in learning problems. While the results of [20] apply to samples of a mixed state
described by a density matrix p, they also apply to a purification of p in a larger space. This will not
affect the scaling with m which is the main object of interest for our purposes.

Define by O an ensemble of two-outcome POVMs given by O; = UiZnUiT for 0 < ¢ < m/2 and
0, = fUi_m/anU;_m/Q for m/2 < i < m, where the U; are drawn i.i.d. from the Haar measure and Z,,
acts only on the last qubit.

When only classical communication is used between Alice and the Bobs, an optimal lower bound of
Q(\/JV ) for estimating the expectation value of a single two-outcome observable with constant probability
is applicable [27]. Lemma 1 of that paper also provides a matching upper bound in the m-observable
case (up to logarithmic factors). Namely, estimating m expectation values of unit norm observables to
constant error can be done with probability 2/3 by sending O(log(m)v/N) bits from Alice to Bob (where
O hides polylog(N) factors). Alice requires no knowledge of the observables themselves. This protocol
is based on sending O(log(m)) random stabilizer sketches of Alice’s input state |z). Each sketch involves
Alice drawing a Clifford unitary C from a uniform distribution over the Clifford group C,, (n = log N),
and computing (0°("~Mz| C|z) for all z € |0,1)* for 2 = O(VN). Alice generates O(log(m)) i.i.d.
sketches in this way and sends both the measurement results and a description of the Clifford unitaries
to the Bobs. Each Clifford unitary is defined by specifying O(n?) one or two-qubit gates from a small
set, and thus has an efficient classical description.

If Alice instead sends copies of her input encoded in the amplitudes of a quantum state |z) to the
Bobs, but we allow classical communication only between the Bobs, and restrict the Bobs to performing
single-copy measurements, the number of samples of |z) required is linear in m [20]:

Theorem 2 (Corollary 5.7, [20]). With constant probability over O; drawn i.i.d. from O, estimating
the expectation values of all O; w.r.t. |x) without quantum communication between Bobs with success
probability at least 2/3 requires Q (min {m/log(m), N} /e?) copies of |z).

Note that this is worst-case over |z) (if |x) was uniformly random Bobs could just guess 0). Note
also that the O; are chosen so that classical shadows do not help (for the operators in question the
Hilbert-Schmidt norm is ||OZ|| = N, which is roughly equivalent to the shadow norm that sets the
sample complexity of classical shadows [29]). A matching upper bound (up to log(m) factors, as long as
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m < N) is obtained by the straightforward approach in which Alice sends each Bob O(1/e2) copies of
her state.

When the Bobs are allowed to use quantum communication, they can jointly use shadow tomography
[2, 10] to estimate all the expectation values using a logarithmic number of copies of p.

These results are summarized in Table I.

Qubits/bits sent from Alice to the Bobs
Classical A — Bs, Classical Bs <> Bs O(NY2) |27]
Quantum A — Bs, Classical Bs <+ Bs O(mlog N) [29]
Quantum A — Bs, Quantum Bs « Bs O((log(m) log(N))?) [10]

TABLE I. A communication arms race in estimating expectation values of two-outcome observables to within
constant error: Alice must send a significant portion of her input when using classical communication. If Alice
sends quantum states and the Bobs use classical communication among themselves, Alice can obtain a large
payoff (linear in m). If the Bobs also use quantum communication, she can no longer obtain such a payoff. We
assume Alice only sends copies of her state, and assume constant error. © hides factors of logm.

Appendix H: A posted price data auction with consumable data

We would like to identify more concretely the economic consequences of the consumable nature of
quantum data. We consider a formulation naturally related to auction theory [35, 48]. Alice’s action
space Ay = Ry is the set of prices she charges for a single bit or qubit of her input. Once Alice fixes a
price p, Bob is free to purchase as many bits/qubits as he wants. Bob’s action space is thus Agp = N,
and we denote the number he purchases by b. This is known as a posted price auction with only a
single bidder and multiple items (or a particularly simple combinatorial auction). Assume the number
of samples m takes values in [m] and Alice has no knowledge of it (say she holds a uniform prior). We
also assume the matrices B; are chosen in a worst-case fashion (in order for our communication lower
bounds to be applicable).

For any values of m, p, b, the payoffs of the two players are

UA(mapv b) = pb7 UB (mvpv b) = #S(mv b) - pb7 (Hl)

where #S(m,b) represents the number of samples Bob can produce using a message of b bits/qubits,
given that he holds m such B;).

Consider first the quantum communication case. We know from our lower bound Lemma 1 that for
sufficiently large m, there is an absolute constant C' such that, if Bob were to purchase b qubits produced
by Alice, then

Cb Cb

Qm, ~
) S NS ) ToB (W)

(H.2)

for some absolute constant C'. We also assume N > m which allows us to use the approximation
log N — log S9(m, b) ~ log N since this slightly simplifies the analysis. Since additionally #S(m,b) < m
by definition, we have the upper bound

Cb
vg(m,p, b) < min {logN’ m} — pb. (H.3)
If we also assume that Bob saturates this upper bound, to maximize his payoff he solves
Cb l_plogN 0< < C b*: mlog N
max min {,m} —pb= m ¢ b Cl,OgN ( ) (H.4)
b log N 0 P2 igw (b* =0)

with the value of b achieving the maximum in the right column. Alice’s payoff is maximized by thus
choosing p as close as possible to C' from below without exceeding it, and will be equal to b*(m,p)p =
mplog(N)/C. This holds for any value of m even though Alice has no knowledge of m, and in particular
C is independent of m.

In the classical case, we have tight upper and lower bounds on the number of bits needed to solve the
problem (Lemma 6), which give

v§(m, p,b) = 1[b > C(N log N)] m — pb. (H.5)
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For some constant C’. Bob thus solves
m—pC'NlogN 0<p< W (b* =C'NlogN)
O p 2 C/NT;LOgN (b* = 0)

Note that unlike the quantum case, Alice has no way of knowing how to choose p appropriately ahead
of time, since it depends on m. If she wants to guarantee a nonzero payoff she has to choose p =
1/(C'Nlog N) (i.e. assume m = 1) in which case her payoff is independent of m.

The expected payoffs (over the choice of m) do not exhibit any interesting dependence on the type of
communication, even though they are standard quantities in the analysis of Bayesian games. They end
up proportional to 77 in both the classical and quantum case.

m}z)xxl [b > C'Nlog Nlm — pb = { (H.6)

Appendix I: Future work

Our results suggest that consumability arises most naturally in relational and sampling problems.
Note that both of these classes of problems exhibit unique properties not shared by decision problems,
which are the primary objects of study in complexity theory [3, 40]. For decision problems, we were able
to demonstrate that the consumable data property only holds in the multi-Bob setting with classical
communication between the Bobs. It is thus natural to ask whether consumability is unachievable for
decision problems in the two-party setting. In this context, it is worth noting that our proof techniques
are based on communication complexity reductions. These are cooperative problems, and it could be
that leveraging Alice’s ability to choose a data encoding that allows Bob to solve a problem yet somehow
makes the task of copying the state more difficult, perhaps by additionally using cryptographic primitives,
will change this picture.

The problems considered serve as a model for performing computation with user data, where both the
data and the model used for computation are proprietary, valuable, and private. The setup we consider
does not require end-users to possess a quantum computer in order to be valuable. Instead, the user
must simply trust an entity possessing a networked quantum computer to distribute data states on their
behalf (but not to perform more complex functions such as setting prices in a data market). This is
similar to entrusting a bank to distribute funds on the behalf of an account holder.

The form of the quantum communication lower bound that indicates the rival behavior of quantum
data is reminiscent of a direct sum theorem. Direct sum theorems demonstrate that the complexity of
solving m independent instances of certain problems scales linearly with m. They have been studied
extensively in both the classical [14, 38, 50| and quantum [30, 51] setting. These results are not directly
applicable since in our setting the inputs to Alice are not independent. Thus, this work motivates an
asymmetric direct sum result for classes of communication relations.

1. Task clonability and the possibility of computationally consumable data

In analogy to the potential clonability of quantum states with structure, there is a sense in which
any non-consumable data may be cloned with respect to a particular task sample efficiently, even when
cloning the overall state containing the information remains sample inefficient. This is exemplified by the
shadow tomography task above in which the task is solved via the creation of a classical representation
of a hypothesis pr, such that #(E;pr) = 7(E;p) for all i for the ground truth state p. This classical
representation pr need not be close in trace distance such that ||p — pr||s is small, as would be required
for a high fidelity cloning of the true state. However it suffices for the task of shadow tomography, and
admits an entirely classical representation that may be cloned through classical communication at will,
making the data non-consumable, hence this task is clonable even when the underlying states might not
be.

A lens we have not yet considered that is touched upon by the task of shadow tomography, is if data
can become consumable when Bob is restricted in computational capacity. It has been noted that general
shadow tomography procedures are expected to scale polynomially with the dimension of the Hilbert
space of p or the trial state pr. If Bob is restricted to polylog computational time, then the creation of
the clonable hypothesis state may become impossible. This is analogous to the effect in cryptographic
no-cloning theorems on pseudorandom quantum states [31], where even when sample efficient cloning is
possible, no computationally efficient scheme can be used to clone the states of interest. The addition
of computational restrictions on Bob hence potentially widens the class of consumable data tasks, but
requires moving beyond a purely communucation model that permits unbounded computation. We leave
this exciting area for future work.
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2. On purposeful data hiding - classical and quantum

So far we have discussed cases where quantum communication advantages along with the destructive
nature of measurement naturally lead to situations where quantum data behaves as a rival good. In
all these situations, however, the results are based on properties of the communication complexity of
the problems, with the consequences for data economy was a byproduct. This is a convenient setting
to understand how such an economy can arise naturally, but one may wonder if the introduction of
cryptographic techniques can lead to additional situations where data may be treated as a rival good.

A setting that is known to bridge data privacy, destructive, and gentle quantum measurement is the
study of differential privacy [5, 24]. In differential privacy, a query is promised not to reveal too much
about the specifics of the data, making it challenging to recreate and reuse the specifics of the data set
by an individual user. Alternatively, one could consider the potential economic utility of primitives such
as fully homomorphic encryption [25] or blind quantum computation [15]. Another interesting approach
is to consider the dual view where rather than the data, the model is transmitted as a quantum state.
This is of interest in practice, since both user data and the models used to compute with it are typically
proprietary.

Moreover, in the above schemes we have focused on cases where the data is provided as pure states and
when the only advantage examined otherwise is communication complexity. When data is transmitted
as a pure state, it is known that classical shadows have the potential to remove strict communication
advantages when the circuits are too simple, but reconstruction can still be challenging computationally
based on arguments from quantum pseudorandom states [54]. An interesting direction could be to
enhance some of the features of the example problems here by providing the data as a mixed state, such
that it is more difficult for an adversary to learn under certain assumptions such as lack of a substantial
quantum memory. We leave these directions for future work.
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